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ABSTRACT: The controlled migration of droplets is of great significance in
industrial applications and scientific investigation. In this study, a three-
dimensional model with a level-set method is established to simulate the
migration of a sessile droplet on a substrate with a temperature gradient. The
moving contact line is accomplished by the line-to-plane construction method
with the Navier slip boundary condition. After the model is validated with reliable
theoretical results, the effect of contact angle, dynamic viscosity ratio, Marangoni
number, Prandtl number, and Ohnesorge number on the droplet migration is
studied. The results show that at low contact angles, the droplet migrates toward the cold region of the substrate, whereas at large
contact angles, the droplet migrates toward the hot region. The opposite migration directions are due to the difference in the vortex
dynamics and stagnation points induced by the thermocapillary flow. The droplet migration speed can be reduced, and the direction
can be changed by increasing the viscosity ratios between outer gas and inner liquid, but it can be increased with the increasing
Marangoni number, with the migration direction unchanged. The thermocapillary flow is weakened with the increasing Prandtl
number, leading to the decrease in migration speed at low contact angles but the increase in migration speed at large contact angles.
The viscous shear force increases with the increasing Ohnesorge number, leading to a reduction in the steady droplet migration
speed. These findings can provide guidance for the controlled migration of sessile droplets.

1. INTRODUCTION
The controlled migration of sessile droplet on the solid substrate
is widely applied in various scientific and industrial fields, such as
spray cooling,1 3D printing,2 pesticide spraying,3 and micro-
fluidic devices.4 The controlled migration of sessile droplet can
be achieved through gravity,5 magnetic force,6 electric force,
etc.7 Besides the external forces, the thermocapillary force may
be utilized for droplet manipulation, which is caused by the
nonuniform interfacial tension force due to the temperature
gradient.8,9 For example, when a sessile droplet is deposited on a
nonuniformly heated substrate, the nonuniform temperature
distribution can cause the tangential thermocapillary force along
the interface, forming the Marangoni flow and driving the
droplet migration along the substrate.10−13

It is well-known that the migration of suspended droplet
under the temperature gradient is toward the hot region; it was
previously believed that a sessile droplet on a nonuniformly
heated substrate would move toward the cold region.9,14

Bouasse15,16 observed the droplet migration toward the cold
region of a nonuniformly heated wire. Through the lubrication
theory, Ford and Nadim17 analyzed the thermocapillary
migration of droplet at low contact angles and found that the

sessile droplet moved toward the cold region of the solid
substrate. Ford and Nadim17 and Brochard18 calculated the
droplet migration speed by equating the viscous shear force on
the solid substrate with the mechanical force due to the
unbalanced interfacial surface tension at the contact line. The
accuracy of this model was further validated through several
experiments on sessile droplet migration under thermocapillary
force.19,20

However, the lubrication theory is not applicable for droplet
migration at large contact angles.21 The direction of the driving
force due to the imbalanced interfacial tension at the three-phase
contact line depends on the contact angle.22 Sui21 found that the
sessile droplet was stationary at the contact angle around 100°,
and with increasing contact angle, the droplet started to move
toward the hot region, in contrast to the direction at low contact
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angles, and the large viscosity of external fluid could also change
the droplet migration direction. Furthermore, through an
experimental study, Pradhan and Panigrahi23 found that the
droplet size could also change the migration direction on a
nonuniformly heated substrate. For a large droplet, the
migration direction was unidirectional from the cold region to
the hot region. Fath and Bothe24 found that the migration
direction was different with the classical lubrication theory, and
they classified the driving force as pressure, viscous stress at the
free interface, shear stress at the wall, andmechanical force at the
contact line. They found that the tangential stress induced solely
by temperature-dependent surface tension led to the droplet
moving toward the cold region and the normal stress led to the
moving toward the hot region.
Besides the droplet migration direction, themigration speed is

also of great significance for controlledmotion of droplets. Yin et
al.25 investigated the thermocapillary migration of a sessile
droplet under a largeMarangoni number. Themigration process
was classified into five stages: overshoot, first acceleration,
plateau, second acceleration, and final steady migration. It was
indicated that the increasing Marangoni number resulted in a
large migration distance before the droplet attained a stable
migration speed. Nguyen et al.26 found that a large temperature
gradient could lead to high stable migration speed and shorten
the time to reach the stable speed. Similar results were found by
Balasubramaniam et al.,27 who found that under reduced gravity
droplet, the migration speed increased linearly with the
temperature gradient due to strong thermal convection. Zhao
et al.28 analyzed the migration of sessile binary droplets and
found that the droplet migration speed was proportional to the
droplet diameter. In addition, Tseng et al.29 found that the
contact angle and the flow field have great influence on the
droplet migration speed. Wu30 found that the droplet was
deformed by reducing the droplet migration speed. Xie et al.31

experimentally studied the thermocapillary migration of the
droplet and found that the migration speed was lower than the
value from the lubrication theory.
Through the aforementioned literature review, it is known

that the droplet migration under thermocapillary force is
affected by various factors, including droplet size, temperature
gradient, physical property of the droplet, and surrounding gas.
However, previous studies have primarily focused on the
parametric studies on droplet migration and it is not clear how
the migration speed and direction depend on those parameters.
Furthermore, the two-dimensional model is mainly adopted in
previous numerical simulations, which cannot reflect the three-
dimensional characteristics of a real droplet. In this study, a
three-dimensional numerical model with a level-set method is
built up to track the dynamics of a droplet and the
implementation of a contact angle adjacent to the substrate is
introduced in detail. The dynamics of a sessile droplet is
numerically investigated under a large range of contact angles,
dynamic viscosity ratios, temperature gradients, viscosities, etc.
Additionally, detailed analyses of the flow field and temperature
field are conducted to elucidate the influence of the key
parameters on sessile droplet migration. These findings have
significant implications for the controlled manipulation of
thermocapillary migration processes.

2. PHYSICAL MODEL AND NUMERICAL
FORMULATION

Figure 1 illustrates the schematic diagram of the migration of a
sessile droplet on a horizontally oriented substrate with a

constant temperature gradient. The droplet is of the shape of a
spherical cap under thermocapillary force. The constant
temperature gradient is =G T T

l
h c , and the local temperature

distribution is T(x) = Tc + Gx. The initial temperature of the
droplet is = +T T T

0 2
h c , and the heat transfer between the droplet

and substrate results in the temperature variation along the
droplet surface, giving rise to the tangential thermocapillary
force to drive the droplet migration. The dependence of surface
tension on the temperature can be described as σ(T) = σ0 −
σT(T − T0), where σ0 is the surface tension at reference
temperature T0 and σT is the surface tension variation rate over
temperature.21,32

The imbalanced surface tension near the contact line can
cause the mechanical force Fcl = σh cos θ − σc cos θ, where σh is
the surface tension near the contact line at the hot region and σc
is the surface tension near the contact line at the cold region. The
mechanical force is determined by the temperature gradient and
contact angle, and its direction can be changed by the contact
angle. Upon droplet migration, a viscous shear force is generated
between the droplet and substrate. When the thermocapillary
force and mechanical force are in equilibrium with the viscous
shear force, the droplet attains a steady migration speed. Ford
and Nadim17 developed a theoretical model to predict the
droplet migration speed by equating the mechanical force and
the thermocapillary force with the viscous shear force. Their
model serves as a basis for validating the model in our study.
The migration of the droplet is induced by the thermocapil-

lary force; the characteristic velocity is the capillary-inertial
velocity.

=u
r0
0

l 0 (1)

Here, σ0, ρl, and r0 are the surface tension, droplet density, and
radius, respectively.
The nondimensional governing equations for the droplet

migration are shown as follows:33,34

The continuity equation:

· =u 0 (2)

The momentum equation

+ × = * + * ·[ * + ]

+ ×
* ×

*

u
t

u u p
Re

u u

Ma T
Re Ca

n

Ma
ReCa

T

1 1
( )

1
( )

( )

T

S
(3)

Figure 1. Schematic diagram of droplet migration on substrate with a
temperature gradient due to thermocapillary force.
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The last two source terms represent the normal and tangential
components of surface tension, respectively. The Reynolds
number is defined as =Re

rul 0 0

l
, the Capillary number is

=Ca
ul 0

0
, and the Marangoni number is =Ma r T

0
T 0 . The

curvature is calculated as = × | | , and the normal vector is

= | |n .
The energy equation

+ × = * * × *T
t

u T
C

TOh
Pr

( )
p (4)

The Ohnesorge number is defined as =Oh
r

l

l 0 0
, and the

Prandtl number is =Pr
Cl p,l

l
.

The evolution of the droplet surface is tracked by the level-set
method, the convection equation is

+ × =
t

u 0
(5)

The nondimensional physical properties of dynamic viscosity
μ*, density ρ*, specific heat CP*, and thermal conductivity λ* in
eq 2 and eq 4 are calculated as follows:

* = +H H R( ) (1 ( )) v (6-a)

* = +H H R( ) (1 ( )) d (6-b)

* = +C H H R( ) (1 ( )) CP p (6-c)

* = +H H R( ) (1 ( )) c (6-d)

The ratios of viscosity Rv, density Rd, thermal conductivity Rd,
and specific heat RCp are defined as follows: Rv = μg/μl, Rd = ρg/
ρl, Rcp = Cp,g/Cp,l,and Rc = λg/λl. The subscripts l and g represent
the liquid and gas, respectively.
The Heaviside function is defined as

=

<

[ + + ] | |

>

l

m
ooooooo

n
ooooooo

H( )

0,

1
2

1 / sin( / )/ ,

1, (7)

where ξ = 1.5 dx and∇H(φ) is Dirac delta function δ(φ) in eq 2.
In this study, the finite volumemethod is used to discretize the

governing equations. A marker-and-cell mesh is used to
overcome the checkerboard pressure field. The coupled
momentum and continuity equations are solved by the standard
projection method. The diffusion term and advection term are
discretized with the second-order Crank−Nicolson and
Adams−Bashforth schemes, respectively. The level-set advec-
tion equation is solved by the fifth-order weighted essentially
nonoscillatory (WENO) scheme.34,35 After sensitivity checking,
the nondimensional computational domain is selected as 10 × 4
× 2 with the grid size 201 × 81 × 41 and the time step 1 × 10−4.
The default parameter settings are as follows for the reference
case Oh = 0.1, Ma = 0.1, Pr = 1, and the ratios of gas property to
liquid property are Rd = Rv = Rcp = 0.1, Rc = 0.01, and the contact
angle is θc = θh = 60◦.

3. 3D IMPLEMENTATION OF CONTACT ANGLES
It is challenging to incorporate the moving contact lines in
constructing a three-dimensional droplet dynamics model.36−38

In this study, the Navier slip boundary condition is adopted at
the substrate, and the constant contact angle is implemented at
the distance of half grid size from the solid boundary and
adjusted in the “reinitialization” step.39 The detailed procedure
is as follows:
Step 1: Determine the Line I position of Plane I at the plane z

= 0.5Δz.
In Figure 2a, Plane I is the tangential plane at which the

droplet surface intersects with the substrate during surface

tracking and Line I is the intersection line between the interface
and the plane z = 0.5Δz. In order to locate Line I, the
mathematical description of the interface needs to be obtained
first. The interface is approximated by a plane as

+ + + =I a x b y c z dPlane 01 1 1 1 (8)

Thus, Line I is obtained as

+ + + =I a x b y c z dLine 0. 5 01 1 1 1 (9)

The signed distance Di,j,k from the center of a cell (i, j, k) to
Plane I is calculated as

=
+ + +

+ +
D

a x b y c z d

a b c
i j k

i i k
, ,

1 1 1 1

1
2

1
2

1
2

(10)

where (xi, yj, zk) is the coordinates of the cell center. The actual
value of the signed distance from simulation is φi, j, k.
As shown in Figure 2b, eq 10 satisfies the condition that it is

the best fit to the data set (xi, yj, zk, φi, j, k) around cell (i, j,2),
where cell (i, j,2) is a cell close to the interface within the first

Figure 2. Schematic diagram of the implementation of moving contact
line. (a) Illustration of different planes z = 0 and z = 0.5Δz. (b) Sketch
of data set distribution. (c) Illustration of the unit normal of Plane II
and plane z = 0.
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layer of cells adjacent to the wall. In practice, the criteria |φi, j, k| <
3Δx is adopted to select cell (i, j,2). The least-squares algorithm
is applied to construct Plane I, and the data from cell (i, j,2) (red
dot in Figure 2b) and its adjacent 17 cells (black dots in Figure
2b) in all three directions above the solid boundary are
incorporated. The optimum in eq 11 can be found when the sum
of the squared residual gets its minimum value. Here, the
residual is calculated as

=
=

+

=

+

=

+
S a b c d D( , , , ) ( )

i i

i

j j

j

k k

k

i j k i j k1 1 1 1
1

1

1

1

1

1

, , , ,
2

(11)

Step 2: Update the interface Plane II was updated with the
prescribed contact angle θ.
Once Line I is achieved, the new interface Plane II can be built

up in accordance with the contact angle θ. As Line I is contained
in Plane II, Plane II can be written as

+ + + =a x b y c z dPlane II 01 1 2 2 (12)

with

+ = +c z d c z d0.5 0.52 2 1 1 (13)

It should be noted that the unit normal nII of the interface
points from φ < 0 (gas phase) to φ > 0 (liquid phase), and the
unit normal of the z = 0 plane is taken as n0 pointing to the liquid,
as seen in Figure 2c. The angle between nII and n0 is θ = π − θ2.
Since

= · =
+ +

c

a b c

n n
n n

cos II 0

II 0

2
2

1
2

1
2

2
2

(14)

θ2 is calculated as

= =
+ +

c

a b c
cos cos( )2

2

1
2

1
2

2
2

(15)

so

=
+

c
a b
tan2
1
2

1
2

(16)

and

= +d d z c c0.5 ( )2 1 1 2 (17)

Step 3: Update the level-set function
In the region near the contact line (|φi, j,2| < 3Δx), the level-set

function at the ghost cell φi, j,1 is updated by calculating the
signed distance to Plane II.

=
+ + +

+ +

a x b y c z d

a b c
i j

i j
, ,1

1 1 2 1 2

1
2

1
2

2
2

(18)

In the rest of the region without contact lines, the level-set
function in the ghost cell is extrapolated from the adjacent cells
above the solid boundary.

= 2i j i j i j, ,1 , ,2 , ,3 (19)

With the above procedure, the accurate representation of
moving contact lines within the three-dimensional droplet
dynamics model can be achieved.

4. RESULTS AND DISCUSSION
4.1. Numerical Validation. Figure 3 shows the evolution of

the droplet migration speed at θ = 30◦ under various Marangoni

numbers at the default parameters. The accuracy of the model is
evaluated with the steady capillary number =Ca

U
cl

l cl

0
, which is

defined with the droplet migration speed.21 It is evident that the
droplet undergoes initial acceleration before rapidly attaining a
constant migration speed. A negative value of Cacl indicates that
the droplet moves toward the cold region. To validate the
numerical model, the capillary numbers are compared with the
predicted results from the theoretical model,17 which is based on
the two-dimensional droplet shape. The steady migration speed
of the droplet is predicted by equating the mechanical force and
the thermocapillary force with the viscous shear force on the
substrate. Figure 4 shows the satisfactory agreement between the

theoretical values and the 2D simulation results, but 3D
simulation results are relatively lower, especially at a large
Marangoni number. Because at a large Marangoni number, the
strong thermocapillary flow occurs inside the droplet, the
lubrication theory is no longer applicable. The comparison also
shows that it is essential to adopt a 3D numerical model with
moving contact lines to accurately predict the real droplet
migration speed.
4.2. The Effect of Contact Angles. Figure 5 shows the

temporal evolution of droplet migration speed Ucl under
different contact angles. The droplet dynamics is characterized
by initial acceleration and following rapid attainment of steady
migration speed. However, the migration direction may vary,
depending on the contact angle, i.e., at a large contact angle, the
migration speed is positive, indicating the droplet migrates

Figure 3. Temporal evolution of the droplet migration speed under
different Marangoni numbers.

Figure 4. Comparison of 2D and 3D steady droplet migration speeds
with theoretical predictions under different Marangoni numbers.
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toward the hot region, while at a low contact angle, the droplet
migrates toward the cold region.
In order to further investigate the effect of contact angle on

the droplet dynamics, the droplet migration speed is shown with
the contact angle ranging from 30 to 130° under various
Marangoni numbers, as shown in Figure 6. It is shown that at θ ≤

60°, the migration speed of the droplet increases as the contact
angle increases, reaching its maximum at θ = 60°. However, as
the contact angle continues to increase beyond 60° and
approaches 90°, the droplet migration speed decreases.
Furthermore, at θ ≤ 90°, the droplet migration speed is
negative, indicating that the droplet moves toward the cold
region. Conversely, at θ ≥ 100°, the droplet migration speed
becomes positive and increases with the contact angle,
suggesting that the droplet migrates toward hot region.
To further study the influence of flow patterns on droplet

migration under different contact angles, Figure 7 shows the
steady flow patterns and temperature fields in the droplet along
the x−z meridian surface. At θ = 30° in Figure 7a, the flow is
predominantly toward the cold region, consequently resulting in
droplet migration toward the cold region. At θ = 60° in Figure
7b, a vortex is formed near the bottom of the substrate within the
droplet, which is accompanied by two stagnation points. Since
the stagnation points are inside the droplet, the droplet migrates
toward the cold region. When the contact angle increases to
120° in Figure 7c, the vortex develops outside the droplet while
the stagnation points are located outside; this prompts droplet
migration toward the hot region. Interestingly, as the contact
angle increases, a vortex forms and expands within the droplet
until the separation points align with the contact lines. At this

point, the droplet remains motionless on the substrate. When
the separation points are located outside the droplet, indicating
the vortex is larger than the droplet region, droplet migration
occurs toward the hot region.
4.3. The Effect of Dynamic Viscosity Ratios. The

influence of dynamic viscosity ratios on droplet migration
speed is studied at contact angles of 60 and 120°, as shown in
Figure 8. It is observed that the magnitude of the droplet
migration speed decreases as the dynamic viscosity ratio
increases, because the viscous shear resistance surrounding the
droplet is increased. The direction of migration remains
unchanged at both contact angles of 60° and 120°.
In order to investigate the effect of flow patterns on droplet

migration under various dynamic viscosity ratios, Figure 9 shows
the steady flow patterns and temperature fields along the x−z
meridian surface at θ = 60°. At different dynamic viscosity ratios,
a single thermocapillary vortex forms within the droplet, with the
separation points inside the droplet. However, with the
increasing dynamic viscosity ratio, the separation points
gradually shift toward outside of the droplet; the large vortex
may reduce the horizontal driving force and leads to decrease in
droplet migration speed.
With the increasing dynamic viscosity ratio, the vortex grows

larger; however, the stagnation points still remain within the
droplet. The question arises as to whether the dynamic viscosity
ratio can alter the direction of droplet migration. To gain further
insight into the effect of dynamic viscosity ratio and contact
angle on the droplet migration direction, a phase diagram is built
up to show the droplet migration direction, as illustrated in

Figure 5. Temporal evolution of the droplet migration speed under
different contact angles.

Figure 6. Effect of the contact angle on the droplet migration speed
under different Marangoni numbers.

Figure 7. Flow patterns and temperature fields on the x−z meridian
surface of droplet at contact angle (a) θ = 30°, (b) θ = 60°, and (c) θ =
120°.
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Figure 10. It shows that the dynamic viscosity ratio can indeed
affect the direction of the droplet migration. Generally, the
droplet migrates toward the cold region at θ < 70° and toward
the hot region at θ > 110°. As the contact angles are between 80
and 100°, the droplet migration direction can be changed due to
variations in the dynamic viscosity ratio. A high viscosity ratio
facilitates the direction transition from the cold region to the hot
region at low contact angles.
4.4. The Effects ofMarangoni, Prandtl, andOhnesorge

Numbers. The temperature fields are affected by the
Marangoni number, Prandtl number, and Ohnesorge number,
which can affect the droplet migration dynamics. Figure 11
shows the droplet migration speed under different Marangoni
numbers. It is observed that the droplet migration speed shows a
linear increase with the Marangoni number. Regardless of the
Marangoni number, droplets all migrate toward the cold region
at θ = 60° and θ = 80°, but at θ = 100° and θ = 120°, droplets all
migrate toward the hot region. These findings suggest that the
Marangoni number does not affect the droplet migration
direction, because with the increasing Marangoni number, the
mechanical force is enhanced on the droplet, but its direction
remains unaltered.
The influence of the Prandtl number on the droplet migration

speed under different contact angles is shown in Figure 12. It is
found that the Prandtl number exhibits different effects on the
droplet migration speed depending on the contact angle. At a
contact angle θ = 60°, the Prandtl number has minimal impact
on the steady migration speed when it is below 10. However, as
the Prandtl number exceeds 10, the droplet migration speed is
reduced while at contact angle θ = 120°, the droplet migration
speed increases with increasing Prandtl number. This can be

attributed to the higher Prandtl number that can enhance
convective heat transfer; thereby, the temperature gradient
along the droplet surface is reduced as well as the
thermocapillary flow. At contact angle θ = 60°, both mechanical
force and thermocapillary force drive the droplet toward the cold
region. Weak thermocapillary flows result in a reduced driving
force, leading to the decreasingmigration speed. At θ = 120°, the
mechanical force drives the droplet toward the hot region while
the thermocapillary flow contributes to migration toward the
cold region; hence, weak thermocapillary flows result in
increasing migration speed toward the hot region.

Figure 8. Effect of dynamic viscosity ratios on droplet migration speed
at (a) θ = 60°, (b) θ = 120°. Figure 9. Steady flow patterns and temperature fields on the x−z

meridian surface of droplet at contact angle θ = 60° at viscosity ratio (a)
Rv = 0.01, (b) Rv = 0.1, and (c) Rv = 1.

Figure 10. Phase diagram of the droplet migration direction under
different contact angles and viscosity ratios.
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Figure 13 shows the effect of the Ohnesorge number on the
migration speed under different contact angles. As the

Ohnesorge number increases, the viscous shear force is
increased. Although the mechanical force remains unchanged,
the overall driving force is reduced, resulting in a decrease in
droplet migration speed.

5. CONCLUSIONS
The migration of the sessile droplet can be controlled through a
thermocapillary force. In the study, a three-dimensional model
with the level-set method is established to numerically simulate
the migration of a sessile droplet on a substrate with constant
temperature gradient. The moving contact lines are imple-
mented by the line-to-plane construction method with the

Navier slip boundary condition. After the model is validated
with reliable theoretical results, the droplet migration speed and
direction are studied under different contact angles, dynamic
viscosity ratios, Marangoni numbers, Ohnesorge numbers, and
Prandtl numbers. The main findings are as follows:

1. With the increasing contact angle, the droplet first
migrates toward the cold region of the substrate, and
the migration speed increases under θ ≤ 60° while it
decreases at 60° ≤ θ ≤ 90°. Then, the droplet migrates
toward the hot region and speed increases at θ ≥ 100°.

2. The large viscosity ratio of surrounding gas over the liquid
droplet can decrease the droplet migration speed due to
enhanced viscous force surrounding the droplet.
Furthermore, it can also cause the migration direction
to transit from toward the cold region to toward the hot
region.

3. The droplet migration speed is increased by the enhanced
thermocapillary force with the increasing Marangoni
number, and it is decreased by increasing the Ohnesorge
number due to the increased viscous force. Neither of the
two numbers can change the migration direction of the
droplets.

4. Increasing the Prandtl number results in reduction of the
temperature difference within the droplet, as well as the
thermocapillary flows. This can lead to the increasing
migration speed of the droplet toward the hot region,
while decreasing migration speed toward the cold region.
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