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Onset of droplet motion is important for various applications, including dropwise condensation and
water management in fuel cells. In order to determine critical conditions for onset of motion and specific
motion mode, a general problem having a droplet sheared by a gas stream on inclined surface is inves-
tigated. Two criterion equations are theoretically established for onset of droplet sliding and rolling inde-
pendently, including dimensionless parameters of Bond number (Bn), Ohnesorge number (Oh) andWeber
number (We), inclination angle parameter and wettability parameters. The criterion equations predict
critical gas velocity, maximum droplet radius, and ‘‘sliding angle” or ‘‘rolling angle”. Droplet sliding pre-
dictions agree well with experimental data in the literature. Criterion surfaces of sliding or rolling are
constructed to verify if sliding or rolling can be initiated, influenced by both equilibrium contact angle
and contact angle hysteresis. By coupling the criterion equations of sliding and rolling, we develop a
mode selection criterion equation, which is only dependent on equilibrium contact angle he. Three
regions are clarified: (1) for 126.3� < he < 147.0�, a droplet rolls if Bn < Bnt and slides if Bn > Bnt, where
Bnt is the transition Bond number; (2) for he < 126.3�, a droplet only slides; (3) for he > 147.0�, a droplet
only rolls. The theoretically determined 147.0� contact angle is newly recommended as the contact angle
boundary between hydrophobicity and super-hydrophobicity. One of the applications of this work is to
provide a general guideline for droplet detachment or retention in fuel cells and condensers.

� 2018 Elsevier Ltd. All rights reserved.
1. Introduction

The determination of critical condition for droplet detachment
on inclined surface is important for many natural phenomena
and engineering applications. In arid and semiarid environments,
leaf hydrophobicity of plant species is important for rain droplet
detachment to increase water availability for soil [1]. On the other
hand, tank-mix adjuvants are used to improve the efficiency of foli-
age applied pesticide formulations, especially if they are used at
reduced dose rates. In this context, liquid retention on leaf surfaces
is the desired outcome [2–4].

Water management is important in polymer electrolyte fuel
cells (PEFCs) and proton exchange membrane fuel cells (PEMFCs):
appropriate humidification is critical to achieve high ionic conduc-
tivity of membrane but excessive water causes flooding and conse-
quently reduces cell performance [5,6]. Water droplets occur on
hydrophobic gas diffusion layer (GDL) surfaces and hinder the
transport of oxygen and hydrogen towards respective catalyst
layers where the electrochemical reactions occur. Droplets should
be removed in a suitable gas shearing flow.

Dropwise condensation on hydrophobic surface improves con-
denser performance. Droplet nucleation, growth and detachment
are key to affect condensation heat transfer. Two droplet sizes
should be included in condensation heat transfer model [7,8]: min-
imum drop radius at which a drop initiates nucleating (rmin), which
is beyond the scope of this paper, and maximum droplet radius at
which a droplet initiate moving, rmax, which is the scope of this
paper.

Considering a droplet sheared by a gas stream on inclined sur-
face, there are four possible detachment modes: sliding mode in
which the relative position between any two liquid particles is
not changed (see Fig. 1a), rolling mode for a droplet rotating (see
Fig. 1b), lifting mode to float a droplet (see Fig. 1c), and dripping
mode to make a droplet falling down (see Fig. 1d). Physically, the
critical condition at which a droplet begins to move depends on
the deformed droplet induced surface tension force competed by
gravity force and/or shear force for sliding, lifting and dripping
modes. Alternatively, the critical rolling condition depends on the
competition of various forces induced torques.

http://crossmark.crossref.org/dialog/?doi=10.1016/j.ijheatmasstransfer.2018.01.098&domain=pdf
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Fig. 1. The four droplet detachment modes on inclined surface (a: sliding, b: rolling, c: lifting, and d: dripping).
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Table 1 summarized droplet detachment studies in the litera-
ture. Even though some sliding investigations are reported, droplet
sliding under comprehensive effects of surface tension force, shear
force and gravity force is not well understood. For example, Chen
[9], Cho et al. [10] and Fan et al. [11] treated sliding motion under
the effects of shear force and surface tension force, without consid-
ering gravity force due to the horizontal surface used. Alterna-
tively, Dimitrakopoulos and Higdon [12] treated sliding motion
Table 1
Literature review on droplet detachment.

Refs. Applications Detachment
modes

Shear
effect

Gravity
effect

Results an

Chen [9] PEMFC or PEFC Sliding Yes No Force bala
size in th

Cho et al. [10] PEFC Sliding Yes No Non-dime
Fan et al. [11] – Sliding Yes No Critical ga

drop sizes
angles we
studies.

Dimitrakopoulos
and Higdon [12]

– Sliding No Yes Non-dime

Qi et al. [18] Dropwise
condensation

Rolling No Yes Critical de
on vertica

Ran et al. [19] Wettability
characterization

Rolling No Yes Moment e
drop deta

Sikarwar et al. [7] Dropwise
condensation

Sliding and
dripping

No Yes Critical sl
dripping d

Basu et al. [20] – Sliding and
lifting

Yes No Critical sl
Critical lif
authors s
with surface tension force competed only by gravity force without
shear force effect.

Steady droplet rolling after its initiation has been investigated
previously. Richard and Quere [13] determined the relationship
between rolling velocities and droplet sizes. They found that the
rolling velocity is constant for droplet radius larger than the capil-
lary length, but is increased with the decrease of droplet radius for
droplet radius smaller than the capillary length. Richard and Quere
d comments

nce analysis is used to predict critical gas velocity for drop sliding with fixed drop
e horizontal gas diffusion layer (GDL).
nsional equation was obtained by forces balance in the horizontal GDL.
s velocity shearing a droplet in a horizontal channel was measured, with four
, three types of surfaces and three liquids. Static, advancing and receding contact
re given for each run, which are useful for comparison with theoretical/numerical

nsional equation is obtained by forces balance parallel to the titled wall surface.

tachment drop size for rolling was obtained by balancing moment equilibrium
l surface.
quilibrium analysis is used to predict critical rolling angel of titled surface for
chment.
iding drop size is obtained by balancing forces parallel to titled surface. Critical
rop size is obtained by balancing forces perpendicular to titled surface.
iding drop size is obtained by balancing forces parallel to horizontal surface.
ting drop size is obtained by balancing forces perpendicular to surface. The
how that sliding is preferred than lifting.
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[13]’s experimental finding was further explained by Mahadevan
and Pomeau [14]’s theoretical analysis. Similar conclusion was
drawn by Yilbas et al. [15] using numerical simulation. Thampi
et al. [16] identified a universal curve for the amount of rotation
velocity inside the drop as a function of the drop shape character-
ized by the isoperimetric quotient. Wind-Willassen and Sorensen
[17] found that the behavior of the drop velocity can be a function
of the slip length.

Fewer investigations can be found to determine critical
conditions for onset of rolling, lifting and dripping. To deal
with rolling mode, Qi et al. [18] and Ran et al. [19] considered
adhesion work competed by gravity force induced torque. Basu
et al. [20] is one of few references to tackle droplet lifting, in
which they stated that lifting is more difficult to occur than
sliding.

The objective of this paper is to develop critical criterions for
onset of sliding and rolling. A droplet sheared by a gas stream
is dealt with as a general problem, including comprehensive
effects of surface tension force, gravity force and shear force.
The independently developed criterion equations are expressed
in non-dimensional form to reflect relative contribution of var-
ious factors on sliding and rolling. By coupling critical criterion
equations of sliding and rolling, a mode selection criterion
equation is constructed to determine specific mode once a dro-
plet can move. It is shown that the mode selection is only
dependent on equilibrium contact angles. Three regions are
identified to have he > 147.0� for rolling only, he < 126.3� for
sliding only, and 126.3� < he < 147.0� for pending mode, depend-
ing on Bond number.

The major contribution of this work is the determination of the
motion mode, sliding or rolling, once the droplet can move. The
motion mode selection is of significant interest to the wetting com-
munity. The droplet dynamics poses an interesting question, viz.
whether a liquid drop sitting on an inclined solid surface will roll,
slide, or do both [16], which has not been solved yet. This problem
is thoroughly investigated in this paper.

2. Problem statement and parameters definitions

Fig. 2 shows the studied problem. A gas stream flows in a rect-
angular channel. The gas flow direction is parallel to the channel
wall, having the tendency to move a droplet on the wall. For the
channel height (H) sufficiently smaller than the channel width, a
two-dimensional gas flow is assumed. The channel has an inclina-
tion angle a with respect to horizontal direction, in which a = 0�, a
= 90� and a = 180� refer to a droplet above a horizontal wall, on a
vertical wall, below a horizontal wall, respectively. The droplet
height is h, which is much smaller than H, usually. Thus, effect of
pressure difference between droplet upstream and downstream
can be neglected [21]. The droplet may be deformed, with an
advancing contact angle ha and a receding contact angle hr. For fully
developed laminar channel flow, the average gas velocity in a dro-
plet height h is [22]

Uh ¼ UHh

H2 ð3H � 2hÞ: ð1Þ

For fully developed turbulent channel flow, gas velocities have
linear distribution in the viscosity sub-layer, but have exponent
distribution in the bulk flow region [23]:

UðyÞ
U� ¼

yU�
m ; 0 6 y < d;

1
k ln

yU�
m þ C; d 6 y < H

2 ;

1
k ln

ðH�yÞU�

m þ C; H
2 6 y < H � d;

ðH�yÞU�

m ; H � d 6 y 6 H:

8>>>>>><
>>>>>>:

ð2Þ
In Eq. (2), U⁄ is shear stress velocity, m is kinematic viscosity, d is
viscosity sub-layer thickness, k and C are constants: k = 0.4, C = 5.5.
Because velocities should be continued at y = d, Eq. (2) yields the
following equation at y = d:

d ¼ 11:6m
U� : ð3Þ

The average gas velocity in the whole channel height H is

UH ¼ 1
H

Z H

0
UðyÞdy

¼ d2U�2

Hm
þ U�

k
ln

H
4d

þ ðH � 2dÞU�

Hk
ln

dU�

m
þ kC � 1

� �
: ð4Þ

Eq. (4) quantifies the relationship between UH and U�. Integrat-
ing Eq. (4) over the droplet height h, one yields the relationship
between Uh and U� as

Uh ¼

hU�2
2m ; 0 6 h < d;

d2U�2
2hm þ U�

k ln hU�
m þ kC � 1� Bd

h

� �
; d 6 h < H

2 ;

d2U�2
2hm þ HU�

hk ln H
4ðH�hÞ þ U�

k ln ðH�hÞU�

m þ kC � 1� Bd
h

h i
; H

2 6 h < H � d;

½ðH�hÞ2þ2d2 �U�2

2hm þ HU�
hk ln H

2d þ BðH�2dÞU�

hk ; H � d 6 h 6 H:

8>>>>>><
>>>>>>:

ð5Þ
Here, B is

B ¼ ln
dU�

m
þ kC � 1: ð6Þ

Combining Eqs. (3)–(6) yields the relationship between Uh and
UH . Practically, UH can be measured, but Uh can form a Reynolds
number to quantify the gas shearing effect on a droplet.

For a stable and deformed droplet, contact angles are different
along the three-phase contact lines. Advancing contact angle ha
and receding contact angle hr are only called at the beginning of
droplet motion. Fig. 2b shows a deformed droplet, coming from
an equivalent droplet without deformation shown in Fig. 2c. The
equivalent droplet is above on the wall without gas shearing, it is
useful to obtain geometry parameters for deformed droplet. Both
deformed droplet and equivalent droplet have the same volume V:

V ¼ p
3
r3 2� 3 cos he þ cos3 he
� �

: ð7Þ

The contact area between droplet and solid wall, Aa, is

Aa ¼ pr2 sin2 he: ð8Þ
The upwind project area of the droplet in the gas stream, Ed, is

Ed ¼ 2he � sinð2heÞ
2

r2: ð9Þ

The droplet height h is

h ¼ rð1� cos heÞ: ð10Þ
Eqs. (7)–(10) show that all the droplet geometry parameters are

defined using droplet radius r and equilibrium contact angle CA, he.

3. Critical criterion equation and results for droplet sliding

3.1. Critical criterion equation for droplet sliding

Fig. 3 shows the force balance. For droplet sliding, shear
force and gravity force are the driving force, but surface tension
resists droplet motion. At the onset of sliding, forces in the
x-direction (parallel to the wall) are of interest. In fact, surface
tension force is an integration effect along the foot print contact
lines. It is necessary to determine the contact angles at different



Fig. 2. Physical model and parameters definition for droplet sliding.

Fig. 3. Force balance for onset of droplet sliding.
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locations along the circular contact lines. Contact angle hystere-
sis, namely, the variation between advancing and receding
contact angle, is assumed to have linear distribution versus
azimuthal angle s [18]:

cos h ¼ cos ha þ cos hr � cos ha
p

� �
s: ð11Þ
The net surface tension force in x component is

Fr;x ¼ 2rr sin he

Z p

0
cos h cos sds

¼ � 4
p
rr sin heðcos hr � cos haÞ; ð12Þ

where r is the surface tension between gas and liquid.
As a driving force, gravity force in x component is

Fg;x ¼ p
3
r3 2� 3 cos he þ cos3 he
� �ðql � qgÞg sina; ð13Þ

where q is the density, g is the gravity acceleration. The subscripts l
and g represent liquid and gas. The shear force in x component is
another driving force, which is [24]:

Fd ¼ 1
2
qgU

2CdEd; ð14Þ

where Cd is drag coefficient, U is characteristic gas velocity, which
can be Uh defined in Section 2.

Fewer studies dealt with Cd for liquid droplet in gas flow. Suh
and Lee [25] showed that liquid droplet and solid particle have
similar drag coefficients. For a solid particle in a uniform gas veloc-
ity field, the Stokes drag force is

Fd ¼ 6plrU ¼ 1
2
qgU

2 � 24
ReD

� pr2; ð15Þ

where Cd = 24/ReD is called the Stokes drag coefficient, which is
suitable for sphere particle sheared by uniform gas stream without
flow boundary separation and Re < 0.4. Many investigators modified
Cd for extending application range of Re. We choice the following
expression listed as one of the widely used expression to estimate
drag coefficients by Ceylan et al. [26]:



Fig. 4. Comparisons of measured and predicted average gas velocity over the whole
channel height H at the critical condition (UH;exp is the measured value from Fan
et al. [11], UH;pre is the predicted value, linking Uh;cr by Eqs. (3)–(6), where Uh;cr is the
average gas velocity over the droplet height h and it is determined by Eq. (20)).
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Cd ¼ 0:352þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
0:124þ 24

Reh

s !2

: ð16Þ

Eq. (16) has been verified by large quantity of experimental data
and is suitable for 0.1 < Re < 104 [27]. In order to adapt the spher-
ical crown shape droplet, the droplet height h = r(1 � coshe) char-
acterizes the Reynolds number:

Reh ¼ qghUh

lg
¼ qgrUh

lg
ð1� cos heÞ ¼ Reð1� cos heÞ; ð17Þ

where lg is the gas viscosity. We note that Re and Reh are character-
ized by the droplet radius r and droplet height h, respectively. Hold-
ing Eqs. (16) and (17), Eq. (15) becomes

Fd ¼ 1
2
qgU

2
hCdEd ¼ 2he � sinð2heÞ

4
Cdr2qgU

2
h: ð18Þ

Up to now, the force balance principle writes

Fg;x þ Fd þ Fr;x ¼ 0: ð19Þ
Substituting Eqs. (12), (13) and (18) into Eq. (19) yields the fol-

lowing non-dimensional equation:

p
6
sinaBnþ w1

8
CdWe� C1 ¼ 0; ð20Þ

where We is the Weber number, characterizing relative importance
of inertia force related to surface tension force:

We ¼ qgrU
2
h

r
: ð21Þ

Bn is the Bond number, representing the competition between
buoyancy force and surface tension force. Because qg is much
smaller than ql, it can also say that Bn represents the competi-
tion between liquid gravity and surface tension force. Bn, W1

and C1 are

Bn ¼ ðql � qgÞgr2
r

; ð22Þ

w1 ¼ 2he � sinð2heÞ
ð1� cos heÞ2ð2þ cos heÞ

; ð23Þ

C1 ¼ 2 sin heðcos hr � cos haÞ
pð1� cos heÞ2ð2þ cos heÞ

: ð24Þ

It is noted that previous studies [5,12,24,28] dealt with either
gravity force, or shear force, to be competed against surface tension
force. Eq. (20) is our newly developed criterion equation for onset
of droplet sliding, which is a hybrid non-dimensional force balance
equation, comprehensively reflecting relative importance of vari-
ous factors on droplet sliding. Eqs. (20)–(24) show that critical con-
dition for droplet sliding depends on three groups of parameters:
(1) non-dimensional competition force parameters of Bn, We and
Re, where Re determines Cd; (2) inclination angle parameter of
sina; and (3) wettability parameters of W1 and C1, where W1 is
only related to he. Contact angle hysteresis number is defined as
X = coshr–cosha. Thus, C1 is related to he and X. Eq. (20) has three
functions:

(1) To predict the ‘‘sliding angle”: ‘‘Rolling angle” widely appeared
in the literature means the smallest inclination angle at
which a droplet begins to move, meaning ‘‘detachment”
only. The ‘‘detachment mode” (for example, sliding or roll-
ing) is not identified. Thus, we propose a new term of ‘‘slid-
ing angle” as the smallest inclination angle at which a
droplet begins to slide on the wall. The sliding angle induced
by Eq. (20) is
a“sliding angle” ¼ arcsin
24C1 � 3w1CdWe

4pBn

� �
: ð25Þ
(2) To predict the critical gas velocity: A droplet is stable on the
wall, until it begins to slide at a critical gas stream velocity
Uh;cr. Replacing Uh by Uh;cr and substituting Uh;cr into Re in
Eq. (17) and We in Eq. (21), Eq. (20) forms a transcendental
equation f ðUh;crÞ ¼ 0, which can be iteratively solved to
obtain Uh;cr.

(3) To predict rmax: rmax specifies the maximum droplet size that
can stay on a wall, beyond which the droplet begins to slide.
Substituting rmax into Re, We and Bn, Eq. (20) forms a tran-
scendental equation f(rmax) = 0, which can be iteratively
solved to obtain rmax. At the zero shear force, Eq. (20) has a
particular solution:

rmax ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
12
p2 �

sin heðcos hr � cos haÞ
ð2� 3 cos he þ cos3 heÞ �

r
ðql � qgÞg sina

s
: ð26Þ

Our developed particular solution in Eq. (26) is almost identical
to that given by Sikarwar et al. [29]. The coefficient of 12/p2 = 1.22
in Eq. (26) approaches the value of 1.25 given by Sikarwar et al.
[29].
3.2. Comparison with measurements

Fan et al. [11] examined onset of droplet motion through a
shearing mechanism generated by a controlled air flow. A droplet
was placed on the bottom wall in a wind channel of 80 mm
width, 20 mm height and 200 mm length. Experiments were
performed over a range of fluids and well defined surfaces. Droplet
fluids were water, pure glycerine and water-glycerine mixture
(1:1 vol ratio), respectively. The bottom wall was treated by
n-hexyltrimethoxysilane (surface A), methyltrimethoxysilane
(surface B) and n-octyltriethoxysilane (surface C), respectively.
The wind channel was horizontally positioned. Physical properties



Fig. 5. Effect of a on sliding criterion surfaces (he = 135� and X = coshr–cosha = 0.123).
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of air are qg = 1.205 kg/m3 and lg = 17.9 � 10�6 Pa s. The iterative
solution of Eq. (20) yields critical air velocity Uh;cr. Then, the aver-
age gas velocity over the whole channel height UH;cr at the critical
condition is linked to Uh;cr using Eqs. (3)–(6). UH;cr is recorded as
UH;pre for our predictions and UH;exp for Fan et al. [11] experimental
data. Fig. 4 shows the direct comparison. The definition of average
deviation eR, mean absolute deviation eA and standard deviation rn

can be found in Ref. [30], where e is called deviation, n is the num-
ber of data points (here n = 36). These parameters quantify the
matching degree between predictions and measurements. It is
shown that eR, eA and rn are 4.87%, 8.95% and 10.22%, respectively.
The matching is excellent.
3.3. Effect of various parameters on droplet sliding

Once Re and We are given, the Ohnesorge number (Oh) can be
determined as [31]:

Oh ¼
ffiffiffiffiffiffiffi
We

p

Re
¼ lgffiffiffiffiffiffiffiffiffiffiffi

qgrr
p : ð27Þ

An alternative way to present the relationship among Bn, Re and
We is to present the relationship between Bn, Oh and We. For the
latter presentation, the gas velocity only influences We but not
influences Oh. For general consideration, suitable Bn and Oh ranges
should be determined. We is treated as the dependent variable to



Fig. 6. Effect of he on sliding criterion surface (a = 90� and X = coshr–cosha = 0.123).
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be solved by Eq. (20) with Bn and Oh as independent variables. A
wide range of two-phase fluids (52 gases and 64 liquids) are con-
sidered, whose physical properties come from Ref. [32]. These flu-
ids are frequently encountered in nature and engineering. Gases
include air containing different species and various organic fluid
vapors. Liquids include organic liquids, water, bromium and metal
liquids such as mercury (Hg). For the estimation of Bn and Oh
ranges, droplet radius had the range of r = 1 lm � 1 mm. The
orthogonality combination of physical properties of the two fluids
and droplet radius results in Oh = 0.18 � 10�3 � 0.49, in which
0.18 � 10�3 is obtained for RC318 (organic fluid) vapor shearing
a 1 mm radius Hg droplet, and 0.49 is reached for helium gas
shearing a 1 lm radius perflenapent droplet. Similarly, Bond num-
ber had the range of Bn = 2.8 � 10�8 � 1.57. Figs. 5–7 yield the
following findings:
3.3.1. Relationship among Bn, Oh and We
At fixed a, W1 and C1, Fig. 5 shows sliding criterion surface

(SCS) of Bn, Re andWe, and of Bn, Oh andWe, above which a droplet
slides and below which a droplet is stable. We are increased with
increases of Re, but decreased with increases of Bn. Besides, We
are decreased with increases of Oh. Physically, SCS indicates the
contributions of shear force, gravity force and surface tension force
on the onset of droplet sliding.
3.3.2. Effect of inclination angles
Inclination angle influences gravity component parallel to the

wall to influence droplet sliding. Fig. 5 shows the largest sliding
region at vertical position (a = 90�) and smallest sliding region
at horizontal position (a = 0�). The latter makes no gravity
contribution to the droplet sliding. The decreased inclination
angles narrows the sliding region. The criterion surface
intersects We = 0 plane to form a intersecting line, representing
zero shear force condition. The line is Bn = 0.028 at a = 90� but
becomes 0.040 at a = 45�. SCS does not intersect We = 0 plane at
a = 0�, because a droplet cannot slide at zero shear force
without gravity contribution.

3.3.3. Effect of equilibrium contact angles
Fig. 6 shows the shrinking of droplet sliding region by decreas-

ing equilibrium contact angle (CA) of he, keeping the constant
coshr–cosha = 0.123.

3.3.4. Effect of contact angle hysteresis
The larger the X, the larger deformation of a droplet is. Fig. 7

shows that the CA hysteresis effect is strong. The sliding region
becomes smaller by gradual increasing CA hysteresis number X
from sub-figure a to d. A ‘‘rigid” droplet is easy to slide but a ‘‘soft”
droplet is difficult to slide.
4. Critical criterion equation and results for droplet rolling

4.1. Critical criterion equation for droplet rolling

Now we turn to determine the onset of droplet rolling. Fig. 8
shows the physical model for torque analysis to initiate rolling.
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The three-phase contact point O is the pivot point. Ld is the
moment arm for shear force Fd. Lg is the moment arm for x-
component gravity force Fg,x, which is also the distance from the
center of droplet mass to the solid wall:

Lg ¼ 3� 2 cos he � cos2 he
8þ 4 cos he

r: ð28Þ

The gravity force torque Tg is
Fig. 7. Effect of X on sliding criterion

Fig. 8. Torque balance for o
Tg ¼ Fg;xLg ¼ p
12

ð3� 8 cos he þ 6 cos2 he � cos4 heÞðql � qgÞgr4 sina:
ð29Þ

Shear force is equivalent to act on a specific point, from which
to the solid wall is Ld:

Ld ¼
Z he

0
rðcosb� cos heÞ sinbdb: ð30Þ
surface (a = 90� and he = 135�).

nset of droplet rolling.
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Combining Eqs. (18) and (30) yields the shear force torque as

Td ¼ FdLd ¼ 2he � sinð2heÞ
8

ð1� cos heÞ2qgr
3CdU2

h: ð31Þ

Before droplet rolling, droplet footprint on the wall is the
solid-liquid interface, represented by ‘‘sl” (see Fig. 8a). Once the
droplet rolls, the solid-liquid interface on the wall is replaced
by the solid-gas interface, represented by ‘‘sg”, and the liquid-
gas interface on the droplet, represented by ‘‘lg” (see Fig. 8b).
Adhesion work is the difference of surface energy before and after
the droplet rolls. Again, local contact angles are changed between
the advancing contact angle and receding contact angle, and are
assumed to have linear distribution versus azimuthal angle s.
Then, adhesion work is

W ¼
Z p

0
prr2ð1þ cos hÞ sin2 he cos sds

¼ �2 sin2 heðcos hr � cos haÞrr2: ð32Þ
The torque balance principle yields

Tg þ Td þW ¼ 0: ð33Þ
Substituting Eqs. (29), (31) and (32) into Eq. (33) reaches

p
12

Bn sinaþ w2

8
CdWe� C2 ¼ 0; ð34Þ

where W2 and C2 are as follows

w2 ¼ 2he � sinð2heÞ
ð1� cos heÞð3þ cos heÞ ; ð35Þ
Fig. 9. Effect of a on rolling criterion surfaces
C2 ¼ 2ð1þ cos heÞðcos hr � cos haÞ
ð1� cos heÞ2ð3þ cos heÞ

: ð36Þ

Eq. (34) is our newly developed hybrid non-dimensional torque
balance equation for onset of droplet rolling, having three
functions:

(1) To predict the ‘‘rolling angle”: Here, ‘‘rolling angle” is
defined as the smallest inclination angle at which a
droplet begins to roll on the wall, which is predicted by
Eq. (34) as

a“rolling angle” ¼ arcsin
24C2 � 3w2CdWe

2pBn

� �
: ð37Þ

We note that ‘‘rolling angle” in this paper is specifically for roll-
ing motion, but ‘‘rolling angle” in the literature is a general term,
not considering the detachment mode.

(2) To predict the critical gas velocity: Substituting critical gas
velocity Uh;cr into Eq. (34), a transcendental equation
f ðUh;cr=0) is formed, which can be iteratively solved to obtain
Uh;cr for the onset of droplet rolling.

(3) To predict rmax: Substituting rmax into Re, We and Bn of Eq.
(34), a transcendental equation f(rmax) = 0 is formed, which
can be iteratively solved to obtain rmax for the onset of dro-
plet rolling. At the zero shear force, Eq. (34) has a particular
solution:
(he = 135� and X = coshr–cosha = 0.123).
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rmax ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
24
p

� ð1þ cos heÞðcos hr � cos haÞ
3� 5 cos he þ cos2he þ cos3he

� r
ðql � qgÞg sina

s
:

ð38Þ
4.2. Effect of various parameters on droplet rolling

Figs. 9–11 plot three-dimensional rolling criterion surface
(RCS), above which a droplet rolls, and below which a droplet is
stable.

4.2.1. Effect of inclination angles
The vertical wall (a = 90�) has the largest rolling region.

Decrease of inclination angles makes difficult to rotate a droplet
on the wall, due to the decreased gravity force torque. At the same
We, Bn is increased for smaller a (see Fig. 9).

4.2.2. Effect of equilibrium contact angles
Fig. 10a shows that a droplet is very easy to roll on the wall at

an equilibrium CA of 150�, which is consistent with our common
knowledge. The rolling region is apparently decreased when CA is
decreased (see sub-figure a to d in Fig. 10).

4.2.3. Effect of contact angle hysteresis
CA hysteresis significantly influences rolling criterion. Smaller

CA hysteresis such as X = 0.123 results in larger rolling region. A
‘‘rigid” droplet is easy to roll but a ‘‘soft” droplet is difficult to roll
(see Fig. 11).
Fig. 10. Effect of he on rolling criterion surfa
5. Transition criterion between sliding and rolling modes

Comparison of Figs. 5–7 and 9–11 indicates that Bn, Oh and We
are in the same magnitudes for droplet sliding and rolling. Eqs. (20)
and (34) are independently developed for the two detachment
modes. One may ask a question: which mode does a droplet prefer
if a droplet can move, sliding or rolling? Thus, the transition
between sliding and rolling should be analyzed.

We remember that four droplet removal modes are mentioned
in Introduction. Practically, lifting and dripping are difficult to hap-
pen in nature and engineering. Fig. 12 shows the force analysis for
lifting motion. Because lifting occurs in the direction perpendicular
to the wall, lifting force Fl is the driving force:

F l ¼ 1
2
qgU

2
hClpr2; ð39Þ

where Cl is the lifting force coefficient. The ratio of g is defined as
the lifting force divided by the drag force. Combining Eqs. (18)
and (39) yields

g ¼ F l

Fd
¼ 2p

2he � sinð2heÞ
Cl

Cd
: ð40Þ

A hydrophobic surface (he > 90�) results in 1 < 2p
2he�sinð2heÞ < 2. Cl

is one to two orders smaller than Cd [33], causing g much smaller
than 1 (g << 1), explaining why a droplet is more difficult to be
lifting, compared with sliding or rolling. Dripping is also very
strict to occur, except that when the droplet is underneath a
ce (a = 90� and X = coshr–cosha = 0.123).



Fig. 11. Effect of X on rolling criterion surface (a = 90� and he = 135�).

Fig. 12. Force balance for onset of droplet lifting.
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quasi-horizontal wall. Thus, we only develop the transition crite-
rion between sliding and rolling. Linking Eq. (20) for sliding and
Eq. (34) for rolling gets
Bnt sina ¼ 12
p

C1w2 � C2w1

2w2 � w1

¼ 24
p2

ðcos hr � cos haÞ sin heð1� cos heÞ � pð1þ cos heÞ½ �
ð1� cos heÞ2ð1� 3 cos he � 2 cos2 heÞ

:

ð41Þ
The right side of Eq. (41) is dependent on equilibrium contact

angle he and contact angle hysteresis parameter X = coshr–cosha.
Eq. (41) is called the transition criterion equation between sliding
and rolling.

In Fig. 13, sliding criterion surface (SCS) and rolling criterion
surface (RCS) are represented by blue color and black color, respec-
tively. Eq. (41) determines a specific transition Bond number Bnt
once a, he and X are given. In the left of Bnt line, Bn < Bnt, RCS is
under SCS to mean that rolling is easier to happen than sliding,
yielding rolling mode. On the other hand, in the right of Bnt line,
Bn > Bnt, SCS is under RCS to choose sliding mode.

In Fig. 13b, a cross section of Oh = 0.001 was chosen to present
sliding criterion curve (SCC) and rolling criterion curve (RCC). A
droplet selects mode according to practical criterion curve (PCC
represented by solid curve), consisting of a rolling part ahead of
the transition point, and a sliding part beyond the transition point.
Fig. 13c shows the practical criterion surface, including a rolling
part and a sliding part, interfaced by the Bnt line. Fig. 13c is also
called the mode selection surface here. Bnmax is the maximum
Bond number, which is the intersecting line between SCS and the
We = 0 plane.



Fig. 13. Mode selection between sliding and rolling (a = 90� and X = coshr–cosha = 0.123 for sub-figures a–e, sub-figure f for Bnt/Bnmax versus he).
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Fig. 13a–c indicates the mode selection dependent on Bnt
location related to Bnmax. SCS and RCS do intersect for the range
of 0 < Bnt/Bnmax < 1. If Bnt shifts to left, the RCS region is contracted
but the SCS region is enlarged. Alternatively, if Bnt shifts to right,
the RCS region is enlarged but the SCS region is contracted.
Thus, the parameter of Bnt/Bnmax is introduced to quantify the
mode selection between sliding and rolling. Bnmax is deduced by
Eq. (20) as

Bnmax sina ¼ 6
p
C1 ¼ 12

p2

sin heðcos hr � cos haÞ
ð1� cos heÞ2ð2þ cos heÞ

: ð42Þ

Combining Eqs. (41) and (42) yields
Bnt

Bnmax
¼ f ðheÞ

¼ ð4þ 2 cos heÞ sin heð1� cos heÞ � pð1þ cos heÞ½ �
sin heð1� 3 cos he � 2 cos2 heÞ : ð43Þ

Eq. (43) is called the mode selection criterion equation, which is
only relied on the equilibrium contact angles. The contact angle
hysteresis parameter X influences both Bnt and Bnmax, but it does
not influence Bnt/Bnmax, representing the ratio of RCS project area
to the total project areas of RCS and SCS on the We = 0 plane. The
solution of f(he) = 0 and f(he) = 1 correspond to he = 126.3� and he
= 147.0�, respectively. Three regions are as follows:
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Region 1 (126.3� < he < 147.0�): The range of 126.3� < he <
147.0� yields 0 < f(he) < 1. Practical mode consists of a rolling
part ahead of Bnt and a sliding part beyond Bnt. In other words,
a droplet prefers to roll if Bn < Bnt, and prefers to slide if Bn > Bnt
(see Fig. 13a–c).
Region 2 (he > 147.0�): For We > 0 and he > 147.0�, f(he) > 1
means no intersection of RCS and SCS. RCS is under SCS to yield
rolling mode only (see Fig. 13d). The 147.0� contact angle theo-
retically developed in this paper is recommended as the new
contact angle boundary for wettability transition from
hydrophobicity to super-hydrophobicity. The 147.0� CA
approaches the widely used 150� for our common knowledge.
Region 3 (he < 126.3�): For We > 0 and he < 126.3�, f(he) < 0
means no intersection of SCS and RCS. SCS is under RCS to
choose sliding mode only (see Fig. 13e).

Fig. 13f summarized the mode selection dependent on equilib-
rium contact angles according to Eq. (43). Both equilibrium contact
angle and contact angle hysteresis determine if a droplet can be ini-
tiated to slide or roll. But the mode selection is determined by equi-
librium contact angles only, once the drop motion can be initiated.

6. Comparison with other works

Our work is different from previous studies in three aspects.
First, our critical criterion equations and mode selection criterion
equation are in non-dimensional form and contain no empirical
coefficient. These equations can be applied to various working flu-
ids, channel sizes and gas velocities, etc. Experimental studies such
as Fan et al. [11], Polverino et al. [22] and Fu et al. [23], as well as
numerical simulations such as Cho et al. [10] and Theodorakakos
et al. [6] are for specific test section arrangement, gas-liquid fluids
and droplet sizes. These studies enhance the understanding of dro-
plet motion. However, the results are difficult to be extended from
a general sense. Second, our study treats the comprehensive com-
petition between surface tension force, gravity force and shear
force. The comprehensive effects are not reported in the literature.
For example, Chen [9] and Cho et al. [10] just treated sliding under
the effects of shear force and surface tension force. Dimi-
trakopoulos and Higdon [12] tackled sliding with surface tension
force competed by gravity force. The maximum droplet radius
obtained by Sikarwar et al. [28] is one of our particular solutions
for sliding. Lastly, our significant contribution is highlighted on
the coupling of the two criterion equations for sliding and rolling
to determine the specific mode, enhancing the understanding of
droplet dynamics on surfaces with different wettabilities. Previous
studies investigated either the sliding motion [9–12], or the rolling
motion [18,19]. Fewer authors investigated two detachment
modes such as Sikarwar et al. [7,29] for sliding and dripping, and
Basu et al. [20] for sliding and lifting. But the coupling of different
motion modes is not reported.

Our theoretical work assumes that the droplet footprint has cir-
cular shape. Such an assumption is also used in Refs. [5,9,21].
Under specific conditions, the droplet footprint may slightly devi-
ate from a circular shape [34]. We note that there are no experi-
mental data for onset of rolling in the literature. More
experiments are recommended to support the newly developed
theory in this paper, especially for onset of rolling and mode selec-
tion between sliding and rolling. Data should be provided includ-
ing equilibrium contact angle, contact angle hysteresis and gas
velocity, etc.

7. Conclusions

Droplet detachment widely occurs in nature and engineering
facilities. For such a problem, two questions should be
answered: (1) at what condition a droplet begins to move? (2)
what is the motion mode if a droplet can move? Here, we deal
with a general problem having a wall contacted droplet sheared
by a gas stream. For two common motion modes of sliding and
rolling, we developed two critical criterion equations indepen-
dently, considering the surface tension force, gravity force and
shear force. Both criterion equations are written using dimen-
sionless parameters which reflect relative contributions of vari-
ous factors on droplet instability induced by sliding or rolling.
The two equations can predict critical gas velocity, inclination
angle and maximum droplet size at the onset of sliding or roll-
ing, separately.

To resolve the second question, the two critical criterion
equations of sliding and rolling are coupled to develop a
mode selection criterion equation, for the first time. Coupling
of the two motion modes results in new understanding of
droplet detachment. We show that both equilibrium contact
angle and contact angle hysteresis influence if sliding or roll-
ing can happen, but the mode selection is only dependent on
equilibrium contact angle if sliding or rolling are sure to
occur. The mode selection is found to have three regions:
he > 147.0� for rolling only, he < 126.3� for sliding only, and
126.3� < he < 147.0� for pending mode depending on Bond
number. The 147.0� contact angle is suggested as the new
boundary for wettability transition from hydrophobicity to
super-hydrophobicity.
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