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A simple, but important three-atom model was proposed at the solid/liquid interface, leading

to a new criterion number, l, governing the boundary conditions (BCs) in nanoscale. The

solid wall is considered as the face-centered-cubic (fcc) structure. The fluid is the liquid

argon with the well-known LJ potential. Based on the concept, the two micro-systems have

the same BCs if they have the same criterion number. The degree of the locking BCs is

enhanced when l equals to 0.757. Such critical criterion number results in the substantial

epitaxial ordering and one, two, or even three liquid layers are locked by the solid wall,

depending on the coupling energy scale ratio of the solid and liquid atoms. With deviation

from the critical criterion number, the flow approaches the slip BCs and there are little

ordering structures within the liquid. Always at the same criterion number, the degree of the

slip is decreased or the locking is enhanced with increasing the coupling energy scale ratio of

the solid and liquid atoms. The above analysis is well confirmed by the molecular dynamics

(MD) simulation. The slip length is well correlated in terms of the new criterion number. The

future work is suggested to extend the present theory for other microstructures of the solid

wall atoms and quasi-LJ potentials.

KEY WORDS: boundary conditions, three-atom-model, criterion number, epitaxial

ordering structure, slip length

INTRODUCTION

The no-slip BCs are always considered to be true in macroscale. However, when
the size is down to micron or nanoscale, the no-slip BC is only one type of the various
BCs [1,2]. Even though the no-slip BC has been successful in reproducing the char-
acteristics of many types of flow, it results in singular or unrealistic behavior, such as
the spreading of a liquid on a solid substrate [3,4], corner flow [5], and the extrusion of
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polymer melts from a capillary tube [6,7]. An understanding of these interfacial
phenomenon is essential to lubrication theories, flow and heat transfer in porous
media, and deposition of a thin film on a solid substrate.

NOMENCLATURE

C1 non-dimensional parameter,
C1=rw/r

C2 non-dimensional parameter,
C2=ewf/e

C3 non-dimensional parameter,
C3=swf/s

F intermolecular force between
a pair of atoms

F* non-dimensional force,
F*=Fs/e

FA�C force between the liquid atom
and the left solid atom in the
three-atom model

FB�C force between the liquid atom
and the right solid atom in the
three-atom model

kB Boltzmann’s constant
L length of a unit lattice cell
LAB length of two neighboring

solid atoms based on fcc
structure, LAB=L

LIJ length between two zero force
points in the three-atom-
model

Ls slip length
Lx,Ly,Lz length of the liquid

calculation domain in x,y, and
z coordinates

N liquid atom number in the
calculation domain

Nw,top,
Nw,bottom top and bottom solid wall

atoms
P1(x, y) spatial distribution of liquid

atoms
r distance between a pair of

atoms
r* non-dimensional distance

between a pair of atoms,
scaled by s

TB bulk liquid temperature
U axial velocity
Uw top and bottom solid wall

moving velocity
x coordinate along the line of

two solid atoms, scaled by s
xI,xJ locations corresponding to

the zero force points in the
three-atom model, scaled by s

x�I ; x
þ
I left and right limit of x1,

scaled by s
xp,xQ locations corresponding to

the force points at which 1%
of the minimal zero force
points, scaled by s

G friction constant that controls
the rate of heat exchange
between the fluids and reservoir

~� apparent shear rate
Dx,Dy grid lengths in x and y

directions
e energy scale between a pair of

liquid atoms
ewf coupling energy scale between

a pair of solid and liquid
atoms

Z length ratio of LLJ relative to
LAB

�i
~

Gaussian distributed
random force with zero
mean and variance
2mkBTBG

l important non-dimensional
parameter, l ¼ C

1=3
1 C3,

proposed by the
three-atom model

r liquid atom density
rw solid atom density
s length scale between a pair of

liquid atoms
swf coupling length scale between

a pair of solid and liquid
atoms

t characteristic time of
Lennard-Jones atoms

f potential
fA�C,
fB�C potential between the solid

atomA and the liquid atomC,
and potential between the
solid atom B and the liquid
atom C

fl�l,fl�s potential between a pair of
solid atom and liquid atom,
and potential between a pair
of liquid atoms
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The difficulties performing a theoretical understanding of flow near solid sur-
faces are the limitation of the kinetic theory [1], which requires the multiple scattering
of fluid atoms from individual wall molecules, which is not feasible analytically. Gas
flow in microchannels have been widely studied in recent years [8], in which Knudsen
number is selected as the control parameter to quantify the BCs in microchannels.
Recent reviews of gas flow in microchannels can be found in Rostami et al. [9].

Liquid flow past a solid surface is quite difficult to be dealt with. This is because
the liquid densities are about one thousand times of gases. The liquid molecules are
always closely packed with each other and they are always in a collision state [8].

An effective tool to deal with the liquid flow past a solid interface is the MD
simulations. Liem et al. [10] performed the MD simulations for simple fluid/wall
interactions. The molecules at the solid wall are assumed to be the same as those of
liquids, thus no-slip flow was observed. Thompson and Robbins [1] studied the
Couette flow sheared by the two solid walls. They observed three types of BCs: slip,
no-slip, and locking. These flow boundaries are related to the fluid structures nearest
the solid walls. The no-slip or the locking BCs induce the ordering structures of the
fluid layers nearest the solid walls. Such epitaxial order structure is enhanced when the
solid walls have the same densities of the liquids. For unequal densities of solids and
fluids, less ordering structure of the first fluid layer may produce the slip BCs. The
corrugation is maximized for the equal densities of solids and fluids and the coupling
energy scale is large. Under such conditions, there is sufficient momentum transfer
between the solids and liquids, inducing the no-slip or even the locking BCs [1,2].

It is noted that a lot of interfacial parameters affect the flow boundaries, such as
the liquid atom numbers, the apparent shear rates at the solid/liquid interfaces, the
solid and liquid densities, the coupling energy scale and the length scales between
solids and liquids. It is noted that the MD simulations require longer computation
time and the particle numbers can be treated is also limited. To obtain a fully under-
standing of the flow boundary characteristics depended on the above parameters, it is
necessary to perform run cases with each parameter for 10 data points for five
independent parameters. This is a very large computation source and the internal
relationships of the flow boundary conditions dependent on the above parameters are
still difficult to identify.

In this article, a simple but efficient three-atom model was developed. We
analyze the force between the liquid atom and the two neighboring solid atoms,
leading to a new criterion number, l, relating the solid/liquid densities with the
coupling length scale for the solid/liquid interactions. A critical value of 0.757 for
the criterion number corresponds to the no-slip or the locking BCs. Deviation from
such critical criterion number causes the increased degree of slip on the boundaries. At
the fixed criterion number, large coupling energy scale results in the increased degree
of locking BCs, or the decreased degree of slip. The twomicro-systems indeed have the
same boundary characteristics if they have the same criterion number and the coupling
energy scale, no matter for equal or unequal densities of solids and liquids.

The present article is organized as follows: First, we describe the proposed three-
atom model, in which the last subsection describes the effect of the force interactions
between the liquid atom and other solid atoms within 3swf. Then we verify the present
theory by the MD simulations, including the velocity profiles and micro fluid struc-
tures near the solid walls. Next, we present the correlations of the slip length in terms
of the criterion numbers, followed by a discussion of the effect of the channel height on
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the BCs and the limitations of the present theory. Finally, we summarize the conclu-
sions that were drawn in the present paper.

DESCRIPTION OF THE THREE-ATOM MODEL

In this section we present the simple, but effective, three-atom model first. The
liquid atom is on the same plane of the solid wall surface interacted with the two
neighboring solid molecules. At the end of this section we consider the general
situation that the liquid molecule is interacted with all the solid wall molecules
within 3swf and demonstrate that the simple three-atom model is accurate enough
to develop the criterion number that governs the boundary conditions at the solid
wall surface.

Potential and Force Interactions among the Three Atoms

Considering the liquid argon with the non-dimensional density of rs3 = 0.81,
where r is the liquid atom density and s is the length scale, the length of a unit lattice
cell for the liquid argon assuming the fcc structure leads toLargon= 1.7s (note that the
assumed fcc structure of the liquid atom will be melting after the initial time is passed).
The Lennard-Jones potential for a pair of liquid argon atoms is written as

�l�l ¼ 4"
�

r

� �12
� �

r

� �6� �
ð1Þ

where e is the energy scale and r is the distance between a pair of liquid atoms.
Now Eq. (1) is extended to consider the interaction between the solid and the

liquid atoms. Figure 1 shows the Couette flow geometry, consisting of the top, the
bottom walls, and the liquid argon region. The liquid region with the three lengths of
Lx, Ly, and Lz is sheared by the two solid walls with the opposite flow directions at the
velocity of Uw. Figure 2 illustrates the first and the second layer of the solid walls, in
which the first layer is actually the solid/liquid interface. Four unit lattice cells are
shown for the two layers, each with the length of L. The distance in the vertical z
direction of the two solid layers is 0.5L.

When the LJ potential, Eq. (1), is used for the interactions between the solid and
the liquid atoms, the coupling energy scale ewf and the length scale swf of the solid/
liquid interactions are used instead. Defining and C2 = ewf/e and C3 = swf/s, the pair
potential is changed to

�l�s ¼ 4C2" C12
3

�

r

� �12
�C6

3

�

r

� �6� �
ð2Þ

Using the non-dimensional length, r*= r/s, the non-dimensional potential is written as

�l�s
"
¼ 4C2

C12
3

r�12
� C6

3

r�6

� �
ð3Þ
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Using F ¼ � @�
@r
, the force between a pair of solid and liquid atoms in non-

dimensional unit yields

F� ¼ F�

"
¼ 24C2

2C12
3

r�13
� C6

3

r�7

� �
ð4Þ

We assign the particle density of the solid atoms as rw and define the density ratio
relative of the solid to the liquid asC1 = rw/r. Thus, the length of a unit lattice cell for
the solid wall is

L ¼ 1:7�C
�1=3
1 ð5Þ

From Eqs. (4) and (5) it is seen that the liquid movement at the solid/liquid interface is
governed by the three non-dimensional parameters, such as C1, C2, and C3.

Figure 1. Couette flow geometry studied in the present article.
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We select a random unit lattice cell at the first layer of the solid wall. The four
solid atoms are marked as A, F, B, and E, as shown in Figure 2. The liquid atom C is
located on the line between A and B, at which a local coordinate x is attached (one-

Figure 2. The first and second layer of the solid walls based on fcc structure.
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dimensional coordinate). The center of the line AB is used as the origin of the axial.
Thus, atoms A and B have the positions of (�0.85C1

�1/3) and (0.85C1
�1/3), scaled by

s. The molecular force interaction between the liquid atom C and the solid atoms,
beyond the four neighboring particles of A, F, B, and E, are cut off due to the short
distance behavior of the intermolecular forces.

When the liquid atom C is located at x= 0, the zero force is obtained between
the liquid atom C and the four neighboring solid atoms of A, F, B, and E due to the
geometry symmetry. However, if the liquid atom C is located in the regime of 0 , x
, 0.85C1

�1/3, FB�C is the largest one for the force interactions between the liquid
atom C with the four neighboring solid atoms. This is because the molecular force
displays the short distance behavior and the line BC has the shortest distance. The
molecular force is decayed as the 13 and 7 orders exponential law with the distance.
Similarly, if the liquid atom C has the positions of �0.85C1

�1/3 , x , 0, FA�C
contributes the major and domains the liquid atom flow. Based on the above
analysis, when the liquid atom C is traveling on the line AB, only two forces, FA�C
and FB�C, are necessary to consider. Later in this section we describe the effect of the
liquid atom interacted with all the other solid atoms within 3swf and demonstrate
that the simple three-atom-model is accurate enough to develop the criterion num-
ber. The potentials fA�C + fB�C and forces FA�C + FB�C are written in the non-
dimensional forms as

�A�C þ �B�C
"

¼ 4C2
C12

3

ð0:85C�1=31 þ xÞ12
� C6

3

ð0:85C�1=31 þ xÞ6

" #
|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

�A�C
"

þ 4C2
C12

3

ð0:85C�1=31 � xÞ12
� C6

3

ð0:85C�1=31 � xÞ6

" #
|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

�B�C
"

ð6Þ

ðFA�C þ FB�CÞ�
"

¼ 24C2
2C12

3

ð0:85C�1=31 þ xÞ13
� C6

3

ð0:85C�1=31 þ xÞ7

" #
|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

FA�C�
"

� 24C2
2C12

3

ð0:85C�1=31 � xÞ13
� C6

3

ð0:85C�1=31 � xÞ7

" #
|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

FB�C�
"

ð7Þ

Equations (6) and (7) relate the liquid atomCwith the two solid atomsAandB, thus
the ‘‘three-atom model’’ is named. The non-dimensional potential and force curves are
shown inFigure 3 forC1=1.0,C2=1.0with variedC3. Another parameter, l, ismarked
in Figure 3 temporarily, which equals to C3 forC1 = 1.0. However, the internal relation-
ships among l, C1, and C3 will be described later for both equal and unequal densities of
solids and liquids. Seen fromFigure 3a is the symmetry distribution of the potential about

A NEW CRITERION NUMBER FOR THE BOUNDARY CONDITIONS 115



the center point of x = 0 (quasi-potential-well distribution). Generally, there are two
minimal points of the potential, symmetrically distributed about x = 0. The molecular
forces among the three atoms are demonstrated in Figure 3b. The two minimal points of
thepotential correspond to the zero forces forl=0.4, takingplace atxIandxJ, inwhichxI
, 0 and xJ . 0. For xI , 0, the distance betweenA and I is smaller than that of between B
and I; thus, FA�C contributes the major part of the total force FA�C+ FB�C. Solution of
FA�Cs/e=0 is accurate enough to decide the left zero force point at x= xI:

xI ¼ 21=6C3 � 0:85C
�1=3
1 ð8Þ

Figure 3. Potential and forcebetween the liquidatomand the two solid atomsat the interface (C1=1.0,C2=1.0).
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Similarly, the right minimal point of the potential (corresponding to the right zero
force point) takes place at

xJ ¼ �21=6C3 þ 0:85C
�1=3
1 ð9Þ

Thus, the length IJ is

LIJ ¼ xJ � xI ¼ 2ð0:85C�1=31 � 21=6C3Þ ð10Þ

Note that xI, xJ, and LIJ in Eqs. (8) to (10) are scaled by s.
In Figure 3b, the positive force represents the direction toward the right (atom

B), while the negative force indicates the direction toward the left (atom A). Three
regions of the forces are identified and they are related to the BCs, which are described
as follows.

1. The high repulsive force region (�0.85C1
�1/3 , x , xI and xJ , x , 0.85C1

�1/3).
Liquid atoms can not be populated in this region due to the high repulsive force
with very steep gradient versus the x coordinate.

2. The liquid atom metastable region (xI , x , xP and xQ , x , xJ). Because
these two regions shared the interfaces with the high repulsive force region at
x = xI and x = xJ, the liquid atoms are in oscillating and metastable state
along the line IP or QJ. Imagining a liquid atom is located between I and P,
the attractive force from the solid atom A extracts the liquid atom toward the
solid atom A. However, once the liquid atom crosses the position of x = xI,
the high repulsive force will push the liquid atom back to the region of xI , x
, xP. Such process repeats and the oscillating state is maintained. Moreover,
we imagine that a cluster of liquid atoms on the line AB, the attractive force
in the region of IP draw more liquid atoms populated in this region, especially
at the local area of x = xI

+. The interface at x = xI
� forms a barrier that

prevents the liquid atoms penetrating the location of x = xI. In Figure 3b x
= xP is selected at which the force is only 1% of the minimal force. The force
at x = xP is very close to be zero.

3. The liquid atom free population region (xP , x , xQ). Because the force in
this region is very close to zero, liquid atoms can be freely populated.
Imagining the solid wall is moving at a speed of Uw suddenly, the liquid
atom may not respond to such movement of the solid wall due to the zero
force induced by the solid wall. Thus, slip BC occurs if the liquid atom stays
in this region.

The Criterion Number l and its Effect on the Boundary Conditions
for l , 0.757

Based on the above description, liquid atoms cannot be populated in the region
of AI and BJ, but can be populated in the region of IJ, much more densely populated
in the attractive force region of IP and QJ. Defining the length ratio of the length IJ
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relative to the whole lattice length of AB as Z:

� ¼ LIJ

LAB
¼ 2ð0:85C�1=31 � 21=6C3Þ

1:7C
�1=3
1

¼ 1� 1:32C
1=3
1 C3 ð11Þ

Z is directly related to the BCs. The limit case is Z = 0, indicating that the two
zero force points shown in Figure 3b shrinks to one at x=0. Beyond the center point
of the two solid atoms at x=0, very large force pushes the liquid atom back to x=0.
Once the solid wall is traveling at a speed, the liquid atoms will follow themovement of
the solid wall, inducing the no-slip or even the locking BCs. Inversely, a large Z yields a
longer area for the free populated liquid atoms relative to the whole lattice length.
Imagining the solid wall is moving, the liquid atoms in the ‘‘free populated region’’
may not respond to such movement of the solid wall, resulting in the enhanced slip of
the liquid atoms on the solid/liquid interface.

Here we introduce a criterion number, l= C1
1/3C3. Note that Z and l have the

linear relationship with a constant slope of �1.32 (Z + 1.32l = 1). Physically, l is
equal to 0.757 times of the two lengths of the ‘‘high repulsive force region’’ over the
whole length of a unit lattice length. Referring to Figure 3, l can be expressed as

l ¼ 0:757� LAI þ LBJ

LAB
ð12Þ

whereLAI andLBJ are the left and right length of the high repulsive force region, referring to
Figure 3. The larger l is, the smaller Z is, corresponding to the shorter free populated region
of the liquid atoms and the degree of slip is decreased, providing Z . 0. The dependent of l
and the length of LIJ is shown in Figure 3b for l=0.2, 0.4, 0.76 and 1.0.

In Eq. (11), l ¼ C
1=3
1 C3 ¼ 0:757 causes Z=0, corresponding to the no-slip or the

locking BCs. Incorporating the following analysis, l = 0.757 is a critical value at
which the slip BCs is minimized. In addition to these, l is a very important parameter
controlling the BCs.

The Effect of the Solid Atom D on the Boundary Conditions for l . 0.757

As shown in Figure 3b, if l is further increased larger than 0.757, such as
l = 1.0, the potential and force curves show the similar shape as those at
l = 0.757. However, the FA�C + FB�C force curve has a very steep gradient
near x = 0. From appearance it seems that the no-slip or locking BCs is
enhanced with increasing l for l . 0.757. However, our MD simulation results
do not support this conclusion. In fact, the degree of no-slip or locking BCs is
decreased with further increasing l if l . 0.757. The reason is coming from the
force interaction between the liquid atom C and the solid atom D of the second
layer (see Figure 2). In terms of the fcc structure of the solid walls, the solid
atom D is just below the center point of the line AB by in the vertical plane (xz
plane, see Figure 4a). The force direction between the atom D and C is along the
line DC in the vertical plane. Seen from Figure 4 is that for l � 0.757, the
potential fD�C and FD�C are quite smaller than those between the liquid atom C
and the solid atoms A and B in the horizontal plane (xy plane) along the whole
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Figure 4. Potential and forcebetween the solidatomDand the liquid atomCfordifferentl (C1=1.0,C2=1.0).
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length of AB; thus, a very weak effect of the solid atom D on the BCs is
obtained. However, when l . 0.757, such as l = 1.0 and l = 1.2, the potential
fD�C and FD�C are quite large compared with those between the liquid atom C
and the solid atoms A and B (see Figure 4). Note that FD�C is in the vertical
plane (xz plane) and the negative value indicates the attractive force. The high
repulsive force of FD�C quickly pushes the liquid atom C away from the solid
wall to the liquid region. Thus, the liquid atom C cannot be populated on the
solid wall surface stably, leading to the increased degree of slip.

Thus, incorporating the analysis in the previous subsection, the no-slip or lock-
ing BCs is enhanced when l = 0.757. Deviation from such critical value causes the
increased degree of slip.

Effect of C2 on the Boundary Conditions

Among the three parameters C1, C2, and C3, there is a criterion number
l ¼ C

1=3
1 C3. At a fixed C2, the two micro-systems would have the same BCs providing

they have the same l, which can be used as a scale law.
Seen fromFigure 3 and 5 is that even though the liquid particles can bepopulated in

the region between the two zero force points, large attractive forces are induced by
increasing the energy scale ratio, C2. This effect can cause more liquid particles located
in the liquid atommetastable region, forming higher peak distributions of liquid particles
in this region. Thus, the degree of slip is decreased, or the degree of locking is enhanced.
C2 is another parameter affecting the BCs, independent of l.

Figure 5. Combined effect of l andC2 on the force between the liquid atom and the two solid atoms (C1= 1.0).
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Figure 5 shows three curve groups, with l = 0.2, 0.5, and 0.76, respectively.
There are three curves in each group, each corresponds to C2 = 0.2, 1.0, and 4.0.
For a certain group of l, increasing C2 leads to higher attractive force, inducing
more liquid particles populated in the region of IP, causing the degree of slip to
decrease.

Effect of the Force Interactions between the Liquid Atom and Other Solid

Atoms within 3swf

We have so far described a simple three-atom-model that leads to a new
criterion number. Now we analyze the potential and force interactions between the
liquid atom and the solid atoms within 3swf; note that the cutoff distance between a
pair of atoms is 2.5swf. The objective of this subsection is to demonstrate that the
three-atom model is accurate enough to develop the criterion number that governs
the BCs. Figure 6 shows a more general arrangement of the solid atoms in terms of
the fcc structure, in which five layers of the solid atoms are included layer by layer.
Each solid atom has a certain position of (x, y, z). Again a random cell is selected,
consisting of the four solid atomsmarked as A, F, B, and E. The liquid atomC on the
top surface of the solid atoms, which can be anywhere in the area of AFBE, is
marked by the small sphere. The coordinate is set as shown in Figure 6. If the liquid
atom C is in the area of AFBE, the potential for the liquid atom over all the solid
atoms selected can be written as

�=" ¼ �A�C þ �B�C
"

þ �E�C þ �F�C
"

þ
P
�i�C
"

ð13Þ

Figure 6. Solid atom arrangements for the polyatomic interactions between the liquid atom and the solid

atoms within 3swf.
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The intermolecular force in the x direction between the liquid atom and all the
solid atoms selected is written as

F�=" ¼ ðFA�C;x þ FB�C;xÞ�
"

þ ðFE�C;x þ FF�C;xÞ�
"

þ
P

Fi�C;x�

"
ð14Þ

In Eqs. (13) and (14), i is any solid atom other than A, F, B, and E. The subscript x
represents the x component.

The computed results are shown in Figures 7–8, for l = 0.2, 0.4, and 0.76 with
the fixed C2 = 1.0. In Figures 7 and 8, the left column indicates the three-dimensional
distributions of the polyatomic integrations, while the right column represents the
comparison between the polyatomic integrations and the three-atom model with the
liquid atom fixed in the line AB. The right columns (two-dimensional distribution) are
the vertical cross sections that cross the line AB of the three-dimensional distributions.
It is shown that the polyatomic interactionsmatched the predictions by the three-atom
model well for both of the potential and the axial forces when the liquid atom is
traveling along the line AB. This is because the distance between the liquid solid atom
C and the solid atom A or B always has the smallest value if the liquid atom is in line
AB. The strong short distance potential and force interaction behavior leads to the
domain contributions of the solid atomA and B. Thus, considering the intermolecular
interactions among the three atoms of A, B, andC is accurate enough for the BCs. One
exception is that the potentials computed by the polyatomic integrations is higher than
those by the three-atom model when l equals to 0.76 (see Figure 7c). This is why we
need to consider the solid atomD in the second layer (see Figure 2) to analyze the BCs.

VERIFICATIONS BY THE MOLECULAR DYNAMICS

Description of the MD Simulation Model

The previous studies of the MD simulation for the BCs by Thompson and
Robbins [1,2] stated that the no-slip BC (Ls = 0) occurs at the equal densities of solids
and liquids. The epitaxial ordering structure for the fluid layers nearest the solid wall is
induced at large C2 = ewf/e. Higher solid densities decreased the effective corrugation
of the solid wall and reduced the fluid layer ordering structure. Such effect increased
the degree of slip at small C2 = ewf/e. However, the present theory shows that even at
the unequal densities of the solids and liquids, the no-slip or locking BCs can still
happen if the criterion number l is close to 0.757. Using l as the similarity scale law,
the two micro-systems would have the same BCs if they have the same criterion
number. In this section we demonstrate how the important information given by the
present theory is verified by the MD simulations.

The MD simulations were performed referring to Figure 1. The three-dimen-
sional coordinates are set as x, y and z, as shown in Figure 1. There areN=864 liquid
atoms for the liquid calculation domain. Because a unit lattice cell has four particles
for the initial fcc assumption, six unit lattice cells are distributed in each of the three
directions (4� 63= 864), corresponding to the cubic arrangement ofLx=Ly=Lz=
10.22s for the liquid calculation domain. The top and bottom solid atoms involved in
the calculation are dependent on the density ratio of C1 and the length scale ratio of
C3. For instance, there are Nw,top = Nw,bottom = 294 solid particles selected for each
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Figure 7. Polyatomic potential interactions between liquid atom and the solid atoms within 3swf.
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Figure 8. Polyatomic force interactions between liquid atom and the solid atoms within 3swf.
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wall for C1 = 1.0 and C3 = 0.8. However, there are Nw,top = Nw,bottom = 800 solid
atoms taking part in the calculation forC1= 4.63 andC3= 1.0. The run case ofC1=
4.63 is the highest solid density one studied in the present article. Such geometry
arrangement satisfies that the distance between the liquid atoms on the solid/liquid
interface and any solid atoms can be truncated at rcut = 2.5swf = 2.5C3s, while the
cutoff distance among the liquid atoms is set as 2.5s.

We consider the intermolecular forces not only among the liquid atoms, but also
between the liquid atoms and the solid walls. Outside of the calculation domain, the
periodic boundary conditions are applied in x and y coordinates. For the startup of the
MD simulations, initial conditions are set for the liquid particle positions, velocities,
and higher order derivatives. The initial positions of the liquids are set as fcc structure,
which will melt after theMD simulations are performed. A random initial velocities of
the liquid particles are assumed, but scaled by the liquid temperatures, TB = 1.1kB/e.
The initial particle accelerations are decided based on the positions of r1(0) by
computing the forces on each atom and applying Newton’s second law. The initial
higher order of derivatives are assumed to be zero, but will be updated following the
MD simulations.

TheMD simulations performed the force integration for each liquid atom in the
calculation domain and applied Newton’s second law. The fifth-order gear finite-
difference algorithm was used. The argon characteristic time is written as t = (ms2/
e)0.5. The time step is chosen in the range of Dt = 0.005–0.0005t, depending on the
BCs. For no-slip or locking BCs, Dt = 0.005t is small enough. However, with
increasing the degree of slip, a shorter time step is needed.

It is noted that the shear flow inside the Couette flow geometry is not only
governed by the four parameters of C1, C2, C3, Lz, but also on the fluid pressures and
temperatures. Because we consider the liquid instead of gas, the fluid pressure has
almost no effect on the shear flow. This behavior is similar to the fact that the physical
properties such as specific heat, thermal conductivity, etc., are mainly dependent on
the temperatures, very weakly dependent on the pressures. During the MD simula-
tion, the solid atoms are fixed as fcc structure, but the whole body of the two solid
walls are moving in opposite directions to form the Couette flow. This assumption
indicates the zero temperatures of the solid walls. The liquid temperatures are fixed as
TB = 1.1kB/e. Shearing the fluid molecules inside the two solid walls leads to the
viscous dissipation that warms up the system. A common technique for removing heat
entails the ad hoc rescaling of the instantaneous atomic velocities v. However, before
the steady-state flow field is reached, velocity rescaling may bias the flow field. In
order to overcome this problem, we maintain constant liquid temperature by introdu-
cing damping and Langevin noise terms to the equations in ny [1,2]. The resulting
equation of motion for the y direction is written for the ith molecule of mass m as

myi
:: ¼

XN
j6¼i; j¼1

Fij;y þ
XNw

jw¼1
Fijw;y �m� yi

: þ �ie ð15Þ

where the first term of the right-hand side represents the force in the y direction
integrated over all the liquid molecules, the second term represents the force in the y
direction over all the solid molecules considered, G is a friction constant that controls
the rate of heat exchange with the reservoir, and Zi is a Gaussian distributed random
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force with zero mean and variance 2mkBTBG. The third and fourth terms of the right-
hand side are the damping and noise terms respectively. The MD simulations show
that the effect of the damping and noise terms on the steady-state flow field is
decreased with decreasing the apparent shear rate (� ¼ 2Uw<=Lz<1��1). This is
easy to understand because the smaller the shear rate is, the less viscous heat is
generated. Since the y component is perpendicular to the shear plane, using the
damping and noise terms in the y component can successfully remove the heat
produced by the viscous heat dissipation. A similar procedure is successfully applied
in Thompson and Robbins [1] and Thompson and Troian [2]. Our previous paper [11]
shows that the computed flow field is well consistent with that given by Thompson and
Troian [2] for a special run case.

Generally, after the initial 150t is elapsed, the system has evolved into the steady
state. The macroscopic parameters such as velocity profiles are stable. The liquid
calculation domain is divided into 24 bins in the z direction. Each bin has the plane
area of Lx� Ly that equals to that of the calculation domain, but with the thickness of
Dz = 0.425s. The numerical integrations for the parameter averaging, including the
velocities and the non-dimensional densities rs3, at each center of the selected bin,
were averaged from 150t to 300t.

We calculate the spatial distribution P1(x,y) of liquid atoms for the first, second,
and third layers nearest the solid walls. For each liquid layer, a set of lattice cells in the
xy plane were divided. Each lattice cell is exactly corresponding to those of the solid
walls in the xy plane with a gap in the z direction. The four corners and the center of
the lattice cell correspond to the positions of the relative solid particles located in the
xy plane. There are 24 � 24 grids divided in each lattice cell, with Dx = Dy = L/24,
whereL is the length of a unit lattice cell. We count the liquid particles that fall into the
local area of [(x,x + Dx),(y,y + Dy)] in each grid, with the thickness of Dz. Such
statistical counting was averaged over 150t and the area of Dx � Dy after the initial
150t passed.

Velocity Profiles Depended on l and C2

For the Couuete flow, the slip BCs correspond to the linear velocity profiles
across the two solid walls, but the velocity differences occur at the solid/liquid inter-
face. The exact no-slip BCs have the velocity profiles, exactly the same as the classical
solutions in macroscale. The locking BCs have curve velocity profiles showing the
same velocities as the solid wall at the interface but varied velocity gradients nearest
the wall. For the Couette flow with the opposite flow directions of the two solid walls,
the center point at z= Lz/2 also has the zero mean velocities. We plot a linear line that
passes through (z = Lz/2,U= 0) with the slope as the same as that of the curve fit of
the computed velocity profile at the center point. The straight line is extended toU/Uw

= 1. The slip length as LS is defined from this point to the solid wall. The no-slip,
locking, and slip BCs correspond to LS=0, LS , 0, and LS . 0, respectively. The slip
length characterizes the degree of slip or locking at the interface.

Figure 9 shows the velocity profiles dependent on l andC2. Seen from Figure 9a
is that when l=0.8!0.757, the flow approaches the no-slip or the locking BCs. With
increasing C2 from 0.2 to 4.0, the flow switches from the quasi-no-slip BCs (velocity
profiles dotted by ‘‘�’’ for C2 = 0.2 and ‘‘&’’ for C2 = 0.6) to the locking BCs (curves
dotted by ‘‘~’’ for C2 = 1.8 and ‘‘.’’ for C2 = 4.0). For the locking BCs, the velocity
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Figure 9. Effect of l and C2 on the velocity profiles for the Couette flow.
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profiles are not the straight lines. The velocity gradients near the solid wall are very
gentle for several liquid layers, corresponding to the epitaxial order structure in these
layers, which will be described later. Figures 9b and 9c illustrate the velocity profiles
for the equal and unequal densities of the solids and liquids, C1 = 1.0 and C1 = 4.63,
both with C2 = 0.6. The two figures show that when l approaches 0.757, the flow
approaches the quasi-no-slip BCs. Smaller or larger l than the critical value of 0.757
leads to the increased degree of slip.

Figure 9 tells us that indeed the velocity profiles are dependent on l and C2. The
no-slip BCs can also be approached even at the high density ratios of solids and
liquids. The MD simulation results support the three-atom model and the criterion
number theory.

Effect of l on the Micro Liquid Structure Nearest the Solid Wall
at the Fixed C2

Figure 10 shows the velocity profiles and the first layer of fluid structures nearest
the solid wall, for the two micro Couette flow geometries with the same size of liquid
computation domain, l and C2. However, the two micro-systems have different C1

(density ratio) andC3 (length scale ratio), but these two parameters are coordinated to
keep the same � ¼ C

1=3
1 C3. It is seen that indeed the twoCouette flows remain the same

velocity profiles and very close first layer liquid structures, at the same l=0.4 and C2

= 0.6. Even though the two Couette flow geometries have the different lengths of a
unit lattice cell, 1.7s for Figure 10b and 1.27s for Figure 10c, due to the different solid
atom densities, the peak values of P1(x,y) are nearly the same, indicating the same
liquid structures and the corresponding BCs. The center and the four corners of the
unit lattice cell shown are directly related to the positions of the crystallized solid
atoms located in the xy plane.We relateP1(x,y) shown in Figure 10b to the three-atom
model shown in Figure 2. One of the solid atom, such as the solid atom A, shown in
Figure 2, is located at the center of the unit lattice cell in Figure 10b, and the other solid
atom, such as the atom B, is positioned at the center of the unit lattice cell for a
neighboring lattice cell, shown in Figure 10b. Note that the P1(x,y) for a unit lattice
cell shown in Figure 10 is a two-dimensional distribution (xy plane), while the three-
atommodel is actually a one-dimensional model. Figures 10b and 10c are the run cases
for the moderate slip BCs and little ordering of the fluid structure occurs, but the peak
of the P1(x,y) can still be identified, which is located in the attractive force region close
to the zero force point corresponding to Figure 3 for the force curve at l = 0.4, as
proposed by the three-atom model.

Another comparison between the two micro Couette flows for the quasi-no-slip
BCs is shown in Figure 11. It is noted that indeed when l=0.8!0.757, the no-slip BC
is approached, no matter for equal or unequal densities of the solids and liquids. The
four peaks of the P1(x,y) distributions are taking place at the centers between the two
solid atoms, forming the ‘‘extended’’ fcc structure of the solid walls, which is called the
‘‘epitaxial ordering structure.’’

Further increasing l larger than 0.757, such as 1.2, as shown in Figure 12, the
flow transitions to the slip BCs, even though the order liquid structure of the first layer
can still be identified. The P1(x,y) peak value of 0.0071 is 2.4 times smaller than that
for the case at which l=0.8 shown in Figure 11b. Is = 0.60s is larger thanLs = 0.19s
shown in Figure 11b, indicating the degree of slip is increased when l excesses the
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critical value of 0.757. The reason is coming from the potential and force interactions
between the liquid atoms and the solid atom D of the second solid layer, explained in
Figure 4.

Comparing Figures 10 to 12, it is seen that the liquid layer ordering structure is
indeed enhanced when l approaches 0.757.
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Effect of C2 on the Micro Fluid Structure Nearest the Solid Wall

As analyzed above, at a given l, increasing C2 induces higher possibilities that
liquid particles populated in the local attractive force region between the two solid
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atoms, as shown in Figure 5. Such an effect induces the decreased degree of slip, or the
increased degree of locking, depending on l. The effect of C2 on the liquid layer
structure can be identified by comparing Figure 13 and Figure 10b, in which l = 0.4
for both of the figures. But the higher C2 in Figure 13 results in ordering distributions
of P1(x,y), while little ordering structure of the first fluid layer nearest the solid wall
was seen for smaller C2 in Figure 10b.

The locking BCs are much enhanced when the criterion number l=0.757 and a
larger C2. Such conclusion is verified by Figure 14, in which l = 0.8, C2 = 4.0. The
substantial ordering structure for the P1(x,y) can be extended successively from the
first liquid layer, which is nearest the solid wall, to the third liquid layer. The liquid
particles are locally located at the center of the two solid atoms for the first layer.
Checking the peak values of the P1(x,y) distributions shows that the degree of the
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Figure 12. P(x,y) for the first and second layer of the fluids nearest the solid wall at l=1.2,C1= 1.0,C2 =

0.6, C3 = 1.2, LS = 0.60s.
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ordering structure was gradually decreased for the second and third liquid layers. Up
to the fourth fluid layer, a uniform P1(x,y) distribution begins to be established. The
fluid structures of first, second, and third layers form the fcc structure, extending the
fcc structure of the crystallized solid wall.

CORRELATIONS OF THE SLIP LENGTH IN TERMS OF l AND C2

Slip length characterizes the degree of slip occurring at the solid/liquid interface.
Figure 15 illustrates LS versus C2 for equal (C1 = 1.0) and unequal densities (C1 =
4.63) of solids and liquids. LS is smallest when the criterion number l is approaching
0.747 (curve dotted by ‘‘&’’ for equal density of solid and fluid, Figure 15a). For
unequal densities of solids and fluids (C1= 4.63 as shown in Figure 15b),Ls is smallest
for l equals to 0.667 and 0.8333. Smaller or larger criterion numbers than the critical

X

Y
Z

0.0059

X

Y
Z

0.0029

Layer 1

Layer 2

Figure 13. Effect ofC2 on theP(x,y) for the first and the second layer of the fluids nearest the solid wall (l=
0.4, C1 = 1.0, C2 = 1.8, C3 = 0.4, LS = 0.64s, compared with Figure 10b).
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value increase the degree of slip if C2 is fixed. When l is close to 0.757, the flow can
switch from the slight slip BCs (positive Ls) to the no-slip BCs (LS = 0) with
continuous increasing C2. Further increasing C2 induces the locking BCs (negative
LS). In Figure 15 it can be seen that even when the solid wall atoms are more densely
populated than the liquids, the no-slip and locking BCs can still be obtained if l is close
to the critical value of 0.757.

Figure 16 demonstrates the relationships between Ls andC3. It is quite clear that
the minimal Ls takes place at the critical criterion number l for unequal densities of
solids and fluids (C1 = 4.63,C3 = 0.454 corresponding to l = 0.757). For equal
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densities of solids and fluids, the minimal Ls has a little deviation from the line of l=
0.757 (C1 = 1.0,C3 = 0.757).

Correlation of Ls is given in Figure 17 explicitly depended on l and C2.
Such correlation process involves two steps. The first step is to develop the
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relationship of Ls and C2 at different l for the equal density system. Such
process results in a correlation of

L0
s ¼ e2:31C�0:072 � 10 ð16Þ

The second step is to correlate Ls/L
0
s versus the criterion number, l, for both equal

and unequal densities of the solids and fluids in Figure 17. It is not surprising to note that
all the data points fall into nearly a single curve with the minimal Ls taking place at the l
of 0.798, which is close to the critical value of l = 0.757, as proposed by the three-atom
model. The minimal Ls taking place at two different C3 in Figure 16 can be incorporated
into a singleminimal point using the criterion number as the scale law, as shown in Figure
17. Finally, we give the parabola curve correlation corresponding to Figure 17 as

Ls

L0
s

¼ 0:975þ 0:165� ð�� 0:92Þ þ 0:680� ð�� 0:92Þ2 ð17Þ

The above correlations use the 66 data points, covering the ranges of l from 0.2
to 1.67, C1 from 1.0 to 4.33, C2 from 0.6 to 4.0, and C3 from 0.2 to 1.4. The maximum
error between the slip lengths computed by MD simulations and Eq. (14) is 8.37%.

SIZE EFFECT ON THE BOUNDARY CONDITIONS

In this section we analyze the BCs with varied channel height. Again, the MD
simulations were performed and verified by the three-atom model. Three channel
heights were modeled with Lz=11.05s, 31.45s, and 51.85s, respectively, in which Lz=
51.85s is almost themaximumheight that our computer can analyze. The velocity profiles
and Pr distributionswere presented inFigures 18–20 for the slip, no-slip, and lockingBCs,
respectively. In eachof these figures, the left columngives the velocity profiles and the right
column gives the Pr distributions.We performed these computations at the fixed apparent
shear rate of 0.05, which is defined as � = 2Uw/Lz. We define the slip velocity Usp as the
velocity difference between the solid wall and the liquidmolecules at the interface. For the
locking BCs, the velocity profiles are not linear. Usp is defined as the velocity difference
between the solid wall and the extended linear fit of the velocity profile in the center region
across the two channel walls, as shown in Figure 20.Usp is positive, zero, and negative for
the slip, no-slip, and locking BCs, respectively. For the slip BC run as shown in Figure 18,
Usp is 0.13, 0.11, and 0.12 for the three channel heights of 11.05s, 31.45s, and 31.45s,
respectively. Incorporating the almost similar Pr distributions for the three channel
heights, we conclude that the BCs are almost independent of the channel height. When l
=0.7!0.757 (seeFigure 19), the no-slipBCs are approached for all three channel heights.
Usp is almost zero and the epitaxial order structure begins to be established. The strong
locking behavior occurs for all the channel heights with l=0.76� 0.757 and largeC2 of
4.0, as shown in Figure 20. Again, the negativeUsp is nearly the same and very similar Pr
distributions occur. It is seen that indeed the BCsmainly rely on the criterion number and
C2, independent of the channel height, reflecting the physical mechanism of the intermo-
lecular potential and force interactions near the solid/liquid interface. The independent
effect of the channelheighton theBCs is consistentwith the conclusiongiven inThompson
and Robbins [1].
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LIMITATION OF THE PRESENT THREE-ATOM MODEL

The present three-atommodel is limited by the fcc structure of the solid wall atoms
(,111.crystal plane) and the well-knownLJ potential, which are widely applied inMD
simulations. The liquid is specified as the liquid argon. It is noted that the fcc structure is
crystal structure in nature [12]. Solids consist of atoms that are bound together by
chemical bonds. These atoms sometimes are arranged in an ordered and periodic array
called a crystal. A crystal is formed by repeating a unit cell in all directions. The most
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important crystal structures are the simple cubic and the hexagonal closed packaged
structures. Derivations of the simple cubic structure include the body-centered cubic
(bcc), the face-centered cubic (fcc), and the diamond structure. The detailed description
of the natural microstructures of solids can be found in Rupaport [13].

The second issue involved in the three-atom model is the intermolecular poten-
tial. The LJ potential has been applied for liquid argon successfully, and is also used as
a generic potential not involving specific substances. The LJ interaction is character-
ized by its strongly repulsive core (the short-distance behavior) and weakly attractive
tail. To maintain the reasonable accuracy the cutoff distance is sometimes set as 2.5s,
at which the interaction energy is just 0.016 of the well depth.
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Figure 19. Velocity profile andPrdistributions for three channel heights,C1=1.0,C2=1.0,C3=0.7,�=0.05.
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Aslight change to theLJ interaction leads to a potential that is entirely repulsive and
very short ranged. The particles represented by this potential are little more than soft
spheres. Another version of the LJ potential maintains just the r�12 term. Any system
subject to theLJ potential can exist in the solid, liquid, or gaseous state. The attractive part
of the potential is to bind the system for the solid and liquid states, and the repulsive part is
to prevent collapse. Other functional forms can be used for interactions between atoms,
and between small molecules in cases where spherical symmetrical applies. Some of them
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are proven to be more suitable than others for specific problems. An alternative of the LJ
potential for use in simple cases is a function in which the r�12 term is replaced by
Aexp(�a�) [13].

Even though the present three-atommodel is developed based on the fcc structure
of the solid atoms, the theory can be extended to other microstructures, providing that
the solid atoms are arranged orderly and display the periodic array. The simple
development of the three-atommodel shows that the strong good-potential behavior
should be satisfied, with the short distance interactions between molecules. The LJ
potential among the three atoms is a perfect good-potential. The three-atommodel is
valid for the quasi-LJ potentials, but the critical value of the criterion number may
be deviated from 0.757. Future work is suggested for other microstructures and
intermolecular potentials.

CONCLUSIONS

In this article, a simple but effective three-atom model is developed. The model
is limited by the fcc structure of the solid atoms and the well-known LJ potential for
the liquid argon. However, it can be possibly extended to other micro systems,
providing the solid atoms are arranged orderly and display the periodic nature and
the quasi-LJ potential. An important criterion number is developed by the three-
atom model, governing the boundary conditions in nanoscale. The theory is con-
sistent with the molecular dynamics simulation. When the criterion number is
approaching the critical value of 0.757, the degree of slip is decreased or the degree
of locking is increased. Deviation from the critical value results in the increased
degree of slip. At the fixed criterion number, higher energy scale ratio between solids
and liquids yields the increased degree of locking or the decreased degree of slip. The
strong locking boundary conditions have the extended fcc structure for several
liquid layers nearest the solid walls. The two micro systems have the same boundary
conditions if they have the same criterion number. The slip length is well correlated
in terms of the theory.
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