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Abstract

The steady two-dimensional Navier–Stokes equations with the slip wall boundary conditions were used to simulate the supersonic
flow in micro convergent–divergent nozzles. It is observed that shock waves can take place inside or outside of the micronozzles under
the earth environment. For the over-expanded flows, there is a boundary layer separation point, downstream of which a wave interface
separates the viscous boundary layer with back air flow and the inviscid core flow. The oblique shock wave is followed by the bow shock
and shock diamond. The viscous boundary layer thickness relative to the whole nozzle width on the exit plane is increased but attains the
maximum value around of 0.5 and oscillates against this value with the continuous increasing of the nozzle upstream pressures. The vis-
cous effect either changes the normal shock waves outside of the nozzle for the inviscid flow to the oblique shock waves inside the nozzle,
or transfers the expansion jet flow without shock waves for the inviscid flow to the oblique shock waves outside of the nozzle.
� 2007 Elsevier Ltd. All rights reserved.
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1. Introduction

Macroscale convergent–divergent nozzles can convert
the upstream static pressure and thermal energy into the
kinetic energy to create supersonic flow. Shock wave may
take place with the flow expansion into the atmospheric
pressure environment [1]. The fast development of MEMS
fabrication technology leads to the development of micro-
nozzles, which were reported to be used in microthruster
system for the attitude control of the micro/nanosatellites
[2]. Even though the shock wave does not exist due to
the lack of the background pressure with the micronozzle
operating in the space environment, it may occur when
the micronozzle is tested in the laboratory environment
where the background pressure is around 1 bar. The newly
proposed microturbine system can either provide the elec-
tricity output, or can be used as a microrocket [3]. For
0017-9310/$ - see front matter � 2007 Elsevier Ltd. All rights reserved.
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the later application, the hot gas at the microcombustor
exit is discharged through a micronozzle.

Bayt [2] performed the modeling, design and testing of
micron scale convergent–divergent nozzles. The flow in
the nozzle is modeled by a two-dimensional finite volume
Navier–Stokes simulation. Thomas et al. [4] reported
effects of inlet geometry on the mixing and performance
of microthrusters. Helium, nitrogen and carbon dioxide
were the tested gases. The specific impulse, thrust coeffi-
cient and characteristic velocity are found to be very differ-
ent from those values predicted for the regular sized
nozzles due to the viscous effects and the thick boundary
layer. Alexeenko et al. [5] performed both the Direct Sim-
ulation Monte Carlo (DSMC) and the continuum flow
modeling for the silicon micronozzles. Thrust losses occur
because the shear on the wall is greater in a flat nozzle con-
figuration than that in an axisymmetric conical nozzle.
Kujawa and Hitt [6] reported the transient shutdown sim-
ulations of a MEMS supersonic nozzle. Under the steady
state the viscous boundary layer occupies nearly half of
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Nomenclature

a sonic velocity (m/s)
Cp specific heat of air at constant pressure (J/kg K)
Cv specific heat of air at constant volume (J/kg K)
k thermal conductivity of air (W/m K)
Kn Knudsen number
L1 length of the nozzle converging section (m)
L2 length of the nozzle diverging section (m)
m air mass flow rate (kg/s)
mbackin air mass flow rate from the environment to the

nozzle in the viscous boundary layer on the noz-
zle exit plane (kg/s)

mbackout air out mass flow rate in the viscous boundary
layer on the nozzle exit plane (kg/s)

min air mass flow rate at the entrance cross section
of the nozzle (kg/s)

mout air out mass flow rate in the inviscid core flow
region on the nozzle exit plane (kg/s)

Ma Mach number
p pressure (Pa)
Pr Prandtl number
R air gas constant (J/kg K)
Re Reynolds number
S half width of the nozzle exit plane (m)
S1 width of the viscous boundary layer with back

flow on the nozzle exit plane (m)

S2 half width of the inviscid core flow on the nozzle
exit plane (m)

T temperature (K)
u velocity component in x coordinate (m/s)
v velocity component in y coordinate (m/s)
w width of the planar micronozzle (m)
x axial flow coordinate (m)
y perpendicular coordinate (m)
dnozzle depth of the planar micronozzle (m)
c specific heat ratio, equals to Cp/Cv

l air viscosity (kg/m s)
q air density (kg/m3)
h half diverging angle (�)
rv the tangential-momentum-accommodation co-

efficient
rT the temperature-accommodation coefficient
DT temperature difference between the gas and the

entrance reference value (K)

Subscripts

gas gas state
o nozzle entrance condition
wall parameters on the wall surface

Fig. 1. Grid generation for the micronozzle with the diverging length of
1.0 mm and the half diverging angle of 15�.
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the nozzle cross section on the nozzle exit plane. During the
valve closure the viscous boundary layer expands to fill the
entire exit plane and severely chokes the flow.

The literature survey shows that there are no studies on
the shock waves in micronozzles. In the present paper the
shock waves are investigated by the steady two-dimen-
sional Navier–Stokes equations with the slip wall boundary
conditions. The shock wave flow structure in micronozzles
is described and the effect of the viscous effect on the shock
waves is discussed.

2. Numerical simulation of the micro convergent–divergent

nozzle

2.1. Description of the micronozzle geometry and grid

generation

The two-dimensional micronozzles are characterized by
the converging length of L1, the throat width of w, the half
diverging angle of h, and the diverging length of L2. In the
present paper, L1 ¼ 0:0005 m but L2 and h are varied from
1.0 mm to 3.0 mm and 5� to 15� respectively. The whole
computational domain consists of the micronozzle itself
and the far field area, which is selected as 0.05 m by
0.03 m. A non-uniform grid system was shown in Fig. 1
for L2 ¼ 1:0 mm and h ¼ 15�. The working fluid is air
and the backpressure of the nozzle is 1.013 bar.
2.2. The governing equations and boundary conditions

The governing equations consist of one mass, two
momentum and one energy conservation equations [1],
coupled with an ideal gas state equation p ¼ qRT . It is
noted that the viscous dissipation term in the energy equa-
tion should be included, which is written as
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The mass flow rate is written as

m ¼
Z wðxÞ=2

�wðxÞ=2

qudnozzle dy ¼ qouodnozzlewo: ð2Þ

The temperature dependent air viscosities and thermal
conductivities are cited from Shi et al. [7] and written as
l ¼ loðT =T oÞ0:76 and k ¼ koðT =T oÞ0:86, which are valid over
the temperatures from room to 1000 K with the maximum
relative error less than 6%.

Gas flow in MEMS devices has not been well understood
yet. Gad-el-Hak [8] recommends the Knudsen number to
characterize the microscale gas flow, which is written as

Kn ¼
ffiffiffiffiffi
pc
2

r
Ma
Re

: ð3Þ

The local Ma number is computed as Ma ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
u2 þ v2
p

=a.
The Re number is defined as Re ¼ q

R wðxÞ=2

�wðxÞ=2
udy=l. The

continuum flow model with the slip wall boundary condi-
tion is valid if 10�3 < Kn < 10�1, while the continuum flow
model without the slip wall boundary condition is valid as
long as Kn < 10�3. Because the side wall surface of the noz-
zle is inclined, the first order slip velocity on the wall sur-
face is written regarding the parameter gradients along
the wall surface ‘‘s” and perpendicular to the wall surface
‘‘n”, based on [8]:
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rv ¼ 1 states that significant slip occurs only if the mean
velocity of the molecules varies appreciably over a distance
of one mean free path [8]. The temperature jump at the wall
surface is computed as

T gas � T wall ¼
2� rT
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2.3. Running the code

Because the shock waves are encountered in the present
study, a denser grid generation is needed across the shock
wave interfaces. The slip wall boundary conditions are ful-
filled by a User Defined Function (UDF). The two-dimen-
sional steady Navier–Stokes equations are solved using the
coupled explicit solver within the FLUENT 6.1 software
package. Initially the first-order upwind scheme is applied
to accelerate convergence. Upon the first-order conver-
gence, the second-order discretization schemes are imple-
mented until the complete solution convergence. The
variables residuals and flow monitors established at key
locations within the computational domain are examined.
The conservation of the mass flow rate is monitored over
the entire domain together with simultaneous monitoring
of the value at the nozzle throat to the exit plane to verify
the complete convergence of the solution.

The two-dimensional model can be used to describe the
flow in a nozzle of a flat geometric configuration if the
influence of the end walls is neglected. Most of available
numerical simulations on micronozzle flow without shock
waves are two-dimensional ones [2,7,9]. Recently, Zhang
et al. [10] performed the comparisons between two and
three-dimensional simulations and found that the super-
sonic flow in micronozzles can be modeled by the two-
dimensional theory if the etched nozzle depth is more than
ten times of the throat width. The three-dimensional effect
becomes more apparent with decreasing the nozzle depth
to the throat width ratio. This is because the entire nozzle
exit is affected by the wall boundary layer, with greater
impact of the viscous effect on the nozzle performance
[5]. Under such condition the three-dimensional flow
modeling is required to predict accurately the nozzle
performance.

3. Results and discussion

Fig. 2 shows the streamline of the flow field and the
Mach number contours over the computational domain
at the nozzle upstream pressure of 6.4 bar. The shock wave
flow structure has the following characteristics: (a) There is
a boundary layer separation point downstream of the
throat. (b) There is a wave interface separating the viscous
boundary layer with back flow and the inviscid core flow.
The velocities are very small along the formed wave inter-
face, with positive x flow inside the inviscid core flow and
negative x flow in the viscous boundary layer region.

As shown in Fig. 2b, the Mach number is around 0.8 at
the throat for the supersonic flow in the diverging section.
The unity Mach number is not exactly at the throat loca-
tion, but a little bit downstream of the throat. This phe-
nomenon is similar to that was predicted by Bayt [2]. The
primary effect will be a reduction in the effective area ratio
due to blockage from the viscous boundary layer. This
effect causes the effective minimum cross section is not at
the throat location but a little bit downstream of the throat
and the unity Mach number occurs there. Downstream of
the throat a successive conical shape Mach number rings
are observed. These Mach number rings are enveloped with
each other, with larger Mach numbers inside the smaller
conical shape Mach number ring, until a very tiny conical
shape Mach number ring appears, inside which the maxi-
mum Mach number throughout is populated. The smallest
conical shape Mach number ring, with the maximum Mach
number identified as 2.7 is observed with the tip points of
the smallest conical shape Mach number ring located at
x = 1.567 mm.

The smallest conical shape Mach number ring is well
consistent with a pair of oblique shock waves, perpendicu-
lar to the two inclined surfaces of the Mach number ring.
The bow shock and shock diamond are followed by the
oblique shock waves.

Fig. 3 illustrates the flow field near the nozzle exit plane.
Two vortices are observed, with one in the viscous bound-
ary layer inside the nozzle diverging section, the other near
the upper corner of the nozzle. Again the flow field is
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Fig. 2. The streamline of the flow field and the Mach number contours for L1 ¼ 0:5 mm, L2 ¼ 3:0 mm and h ¼ 15� at po ¼ 6:4 bar.
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Fig. 3. Back flow phenomenon near the micronozzle exit plane at the
upstream pressure of 6.4 bar.
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divided into the viscous boundary layer with back flow and
the inviscid core flow. We consider the balance of the mass
flow rate of the air on the exit plane. We record the back air
flow rate as mbackin, and the out flow rate as mbackout in the
viscous boundary layer. Meanwhile, we record the out flow
rate as mout in the inviscid core flow on the nozzle exit
plane. Assuming the net air flow rate as min (min = m),
the mass conservation principle yields the following expres-
sion for the above mentioned air flow rates
min ¼ mout|{z}
inviscid core flow region

þ mbackout � mbackin|fflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflffl}
viscous boundary layer region

: ð6Þ
In Fig. 3, S indicates the half width of the nozzle exit
plane, with S1 and S2 representing the half width of the
viscous boundary layer and the inviscid core flow regions
respectively. It is observed that S2/S and S1/S do not
change significantly at higher upstream pressures, and
may oscillate around the value of 0.5, indicating that the
viscous boundary layer is very thick and may cover half
of the nozzle width on the exit plane.

Viscous effect is important to affect shock waves in
microscale due to the large surface to volume ratio.
Fig. 4 illustrates the detailed comparisons of the viscous
and inviscid micronozzle flow with h ¼ 5� and L2 ¼
3:0 mm at po ¼ 6:4 bar. The inviscid nozzle flow was mod-
eled by setting the air viscosity to be zero manually. As
shown in Fig. 4a, the normal shock wave occurs near the
nozzle exit plane with the oblique shock waves near the
two corner regions of the nozzle exit plane. The pressure
difference from the supersonic flow to the ambient atmo-
sphere is adjusted by the shock wave. However, the viscous
effect leads to the complicated oblique shock wave flow
structure (see Fig. 4b). A separation point appears to sep-
arate the viscous boundary layer with back flow from the
ambient and the inviscid core flow. Downstream of the sep-
aration point, the oblique shock wave exists followed by
the bow shock and shock diamond. The low static pressure
before the lip of the oblique shock wave leads to rapid com-
pression and deceleration of the gas flow as the gas pene-
trates into the oblique and bow shocks, and the high
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static pressure after the oblique and bow shocks leads to
rapid expansion and acceleration till the shock diamonds
occur. In either case, if the inviscid flow theory predicts
the expansion jet flow without shock waves, the viscous
effect then yields the oblique shock waves outside of the
micronozzle.
4. Conclusions

In this paper we presented the two-dimensional Navier–
Stokes equations with the slip wall boundary conditions to
simulate the supersonic flow with the shock wave flow
structure in the micro convergent–divergent nozzles. The
working fluid is air and the fluid is discharging into the
atmospheric pressure environment. A separation point is
observed on the nozzle wall surface. Downstream of the
separation point a wave interface separates the viscous
boundary layer and the inviscid core flow. The oblique
shock wave is found to be followed by the bow shock
and shock diamond. At the nozzle exit plane the viscous
boundary layer may cover half of the whole nozzle exit
width. The viscous effect in microscale is important to form
the shock wave flow structure in the micronozzles.
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