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A numerical model is developed to analyze the flow and heat transfer in nanofluid-cooled microchannel
heat sink (MCHS). In the MCHS model, temperature-dependent thermophysical properties are taken into
account due to large temperature differences in the MCHS and strong temperature-dependent character-
istics of nanofluids, the model is validated by experimental data with good agreement. The simplified
conjugate-gradient method is coupled with MCHS model as optimization tool. Three geometric parame-
ters, including channel number, channel aspect ratio, and width ratio of channel to pitch, are simulta-
neously optimized at fixed inlet volume flow rate, fixed pumping power, and fixed pressure drop as
constraint condition, respectively. The optimal designs of MCHS are obtained for various constraint con-
ditions and the effects of inlet volume flow rate, pumping power, and pressure drop on the optimal geo-
metric parameters are discussed.

� 2012 Elsevier Ltd. All rights reserved.
1. Introduction

Since the pioneer work by Tuckerman and Pease [1], the MCHS
has attracted extensive attention over the past two decades. The
MCHS has become an important cooling device to high power light
emitting diode, very-large-scale integrated circuits and Micro-
Electro Mechanical System applications [1–5]. The performance
of a MCHS is closely related to properties of solid material and
coolant fluid, to the flow state (laminar flow or turbulent flow, inlet
flow rate and temperature of coolant, etc.), and to its geometric
structure. The most frequently used coolants in the MCHS study
were air, water, and fluorochemicals etc. Recent studies indicated
that nanofluids which have high thermal conductivities were ap-
plied to MCHS as coolants, the MCHS performance was signifi-
cantly improved [6–16].

There are two approaches in modeling of nanofluid flow and
heat transfer in MCHS. First approach to describe the heat transfer
and flow for nanofluid is to treat the nanofluid as a real two-phase
mixture in which irregular and random movement of particle in-
creases the heat exchanging rate. The second approach is to treat
the nanofluid as a single-phase fluid based on the fact that nano-
fluid has good uniformity with low particle volume fraction due
ll rights reserved.
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to nanoscale particle size. In the second approach, the themophys-
ical properties of base fluid, including density, specific heat,
thermal conductivity and viscosity, must be substituted by
nanofluid’s ones. Based on single-phase approach, the thermal
conductivity and viscosity of nanofluids have been extensively
investigated from both experimental and theoretical viewpoint
[17]. The density, thermal conductivity and viscosity of the
nanofluids are increased while the specific heat is reduced by the
addition of the nanoparticles [18]. The thermal conductivity
enhancement mechanisms for nanofluids include the interfacial
nanolayer ordering, Brownian motion, Brownian-motion-induced
microconvection, particle clustering structures and ballistic
transport of energy carriers [18–21].

Table 1 summarizes the recent numerical investigations on
nanofluid-cooled MCHS. All models adopted the single-phase
approach. Apart from Chen and Ding’s model [13], the models were
not validated by experiment, because experimental data on flow
and heat transfer characteristics for nanofluid-cooled MCHS were
available in open literatures until 2007 years [14]. Chein and Chuang
[14] tested experimentally the MCHS performance using copper
oxide/water nanofluids with 0.2–0.4% particle volume fractions as
the coolants. Later, Ho et al. [15] tested experimentally forced con-
vective cooling performance of MCSH with alumina/water nanofluid
as the coolant. Both the numerical predictions and the experimental
data confirmed that use of nanofluids enhances the cooling perfor-
mance of MCHS and produces only small increases in pressure drop
or pumping power at low particle volume fractions.

http://dx.doi.org/10.1016/j.enconman.2012.08.018
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Nomenclature

A1 convective heat transfer area (m2)
cp specific heat (J kg�1 K�1)
D hydraulic diameter (m)
Hch channel height (m)
J objective function
k thermal conductivity (W m�1 K�1)
knf,eff effective thermal conductivity for the nanofluid flow
Lx channel length (m)
Ly height of heat sink (m)
Lz width of heat sink (m)
N channel number
p coolant pressure (Pa)
qw heat flux applied to bottom surface of heat sink (W m�2)
Q total volumetric flow rate (m3 s�1)
RT total thermal resistance (K W�1)
T temperature (K)
u, v, w velocity component in x, y, z direction (m s�1)
um average velocity of coolant over channel cross-section

(m s�1)
Wch channel width (m)
Wr rib width (m)

Greek
a aspect ratio of the channel
b width ratio of channel to pitch
cðkÞN ; cðkÞa ; cðkÞb conjugate gradient coefficients of (N, a, b) in the kth

search step
d thickness of bottom wall of solid (m)
l viscosity (kg m�1 s�1)
nðkÞN ; nðkÞa ; nðkÞb search direction of (N, a, b) in the kth search step
q density (kg m�3)
u particle volume fraction
XðkÞN ;XðkÞa ;XðkÞb search step size of (N, a, b) in the kth search step
X pumping power (W)

subscripts
bf base fluid
in inlet
l liquid
nf nanofluid
out outlet
p nanoparticle
s solid phase
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The investigations also found that the geometric structure has
remarkable effect on the thermal resistance of nanofluid-cooled
MCHS [6,7,10,12]. With different constraint conditions, including
fixed pumping power [6,9,10,16], fixed pressure drop [8,10], fixed
inlet volume flow rate [13], fixed inlet velocity [7,11], and fixed in-
let Reynolds number [12], some conclusions made by these inves-
tigations are different. For example, with the fixed pumping power
by Tsai and Chein [10] and with the fixed inlet velocity by Li and
Kleinstreuer [11] as constraint conditions, the thermal perfor-
mance of MCHS increases with particle volume fraction, but Ghaz-
vini and Shokouhmand [12] demonstrated that there is an optimal
particle volume fraction to reach the maximum heat transfer with
fixed inlet Reynolds number. Lelea [16] revealed that contrary to
the analysis based on a Re = constant basis, in the fixed pumping
power case the heat transfer enhancement rises along the micro-
channels. Also the heat transfer augmentation increases as the par-
ticle’s concentration increases. Similarly, the effects on the
geometric parameters on the cooling performance are also differ-
ent in these investigations due to different constraint conditions
being used. Tsai and Chein [10] proposed that there are the optimal
porosity (ratio of channel width to total width of MCHS) and aspect
ratio under a given pressure drop across the MCHS, nanofluids can
enhance the MCHS performance when the porosity and aspect ra-
tio are less than the optimum porosity and aspect ratio, oppositely,
nanofluids did not produce a significant change in MCHS thermal
resistance. Ghazvini and Shokouhmand [12] found that the in-
crease in the porosity and channel aspect ratio always improved
MCHS performance under fixed inlet Reynolds number.

The fixed pumping power condition for evaluating cooling per-
formance of the MCHS is physically practical constraint condition
because which means the power required to drive the fluid
through the MCHS is the same. However, from the viewpoint of
practical operation of MCHS the fixed inlet volume flow rate or
pressure drop is more easily controlled. In addition, for a MCHS,
the geometric parameters include the channel number, the chan-
nel aspect ratio, and the width ratio of channel to pitch, and all
parameters have coupled effect on the MCHS cooling performance.
An individual parameter study is useful but it cannot answer how
one can obtain the optimal design. Therefore, a multi-parameter
coupled/combined effect is needed to account for to obtain optimal
nanofluid-cooled MCHS performance. Based on the above reasons,
this work develops an inverse problem optimization method,
which combines a complete three-dimensional solid–fluid conju-
gated MCHS model and simplified conjugate-gradient method, to
optimize geometric parameters of nanofluid-cooled MCHS for var-
ious constraint conditions, including fixed inlet volume flow rate,
the fixed pumping power, and fixed pressure drop. In the MCHS
model, temperature-dependent thermophysical properties are ta-
ken into account due to large temperature differences in the MCHS
and strong temperature-dependent characteristics of nanofluids,
the model is validated by experimental data by Ho et al. [15] with
good agreement. The optimal designs of MCHS are obtained for
various constraint conditions and the effects of pumping power, in-
let volume flow rate, and pressure drop on the optimal geometric
parameters are discussed.
2. Parameters of nanofluid-cooled MCHS for optimization

The schematic of MCHS with dimensions of Lx = 10 mm,
Ly 6 1 mm, and Lz = 10 mm is shown in Fig. 1, which consists of N
parallel microchannels and N ribs with rectangular cross-section.
Usually, the bottom of the MCHS is mounted on electronic equipment
or other heat dissipating component. Heat is removed primarily by
conduction through the solid and then dissipated away by convection
of the cooling fluid in the microchannels. The channel has a height
Hch, width Wch, and the rib has a width Wr with the same height as
the channel, thus, we have Wch + Wr = Lz/N. The thickness of the top
and bottom plates are fixed to d = 0.1 mm. The channel aspect ratio
and the width ratio of channel to pitch are defined as a = Hch/Wch,
b = Wch/(Wch + Wr), respectively. Once N, a, and b are given, the geo-
metric structure of the MCHS is determined uniquely. Therefore, N, a,
and b are chosen as optimized parameters and are optimized simul-
taneously at fixed inlet volume flow rate, fixed pumping power, and
fixed pressure drop in the present work, respectively.
3. Optimization method

3.1. The nanofluid-cooled MCHS model

The solid–fluid conjugated model is refined from that adopted
in our previous work for water-cooled MCHS [5] with modified



Table 1
A review of previous numerical study on nanofluid-cooled MCHS.

Researchers (Year) Model Constraint conditions Nanofluid Model
validation

Content Conclusions

Chein and Huang [6] Single-phase method,
analytical model with
experimental correlations

Fixed pumping power Cu/H2O No The thermal resistances and pressure drops of
MCHS using nanofluids with various particle
volume fractions for two specific geometries were
discussed

Performances were greatly improved and no extra
pressure drop is produced when nanofluids were
used as the coolants. Channel geometry has
significant effect on the MCHS performance

Koo and
Kleinstreuer [7]

Single-phase, solid–fluid
conjugated model

Fixed inlet flow velocity CuO/H2O,
CuO/C2H6O2

No The effects of nanoparticle volume fractions on the
microchannel pressure drops, temperature profiles
and Nusselt numbers are computed and analyzed

A base fluid of high-Prandtl number, nanoparticles
of high thermal conductivity, and a channel with
high aspect ratio is recommended

Abbassi and
Aghanajafi [8]

Single-phase, porous media
model

Fixed pressure drop Cu/H2O No The effects of nanoparticle volume fractions,
thermal dispersion coefficient and Reynolds
number on thermal performance of MCHS were
investigated

Using nanofluid leads to astonishing heat transfer
enhancement in MCHS and this enhancement
increases with increasing flow Reynolds number
and particle volume fraction

Jiang and Choi [9] Single-phase, solid–fluid
conjugated model

Fixed pumping power Cu/H2O, DIA/
H2O

No Thermal resistances of MCHS with water and
water-based nanofluids were compared

The cooling performance of a MCHS with 1% volume
fraction water-based nanofluids at the fixed
pumping power of 2.25 W is enhanced by about
10% compared with that of a MCHS with water

Tsai and Chein [10] Single-phase, porous media
model

Fixed pumping power or
fixed pressure drop

Cu/H2O, CNT/
H2O

No Thermal resistances of MCHS with nanofluids for
various porosities and channel aspect ratios were
compared

Under a given pressure drop across the MCHS,
nanofluid can enhance the MCHS performance
when the porosity and aspect ratio are less than the
optimum porosity and aspect ratio. When the
porosity and channel aspect ratio are higher than
optimum porosity and aspect ratio, the nanofluid
did not produce a significant change in MCHS
thermal resistance

Li and Kleinstreuer
[11]

Single-phase, solid–fluid
conjugated model

Fixed inlet flow velocity CuO/H2O No Thermal resistances and pressure drops of MCHS
using nanofluids with various particle volume
fractions were investigated

Nanofluids measurably enhance the thermal
performance of microchannel mixture flow with a
small increase in pumping power. Specifically, the
thermal performance increases with volume
fraction; but, the extra pressure drop, or pumping
power, will somewhat decrease the beneficial
effects

Ghazvini and
Shokouhmand
[12]

Single-phase, fin model and
porous media model

Fixed inlet Reynolds
number

Inlet CuO/
H2O

No The effects of particle volume fraction, porosity,
channel aspect ratio and on the heat transfer of
MCHS were compared using Fin model and porous
media model

The porous media model is better to predict MCHS
performance than the Fin model. There is an
optimal particle volume fraction to reach maximum
heat transfer. Increase in channel aspect ratio and
porosity improved MCHS performance

Chen and Ding [13] Single-phase, porous media
model

Fixed inlet volume flow
rates

Al2O3/H2O Yes The Forchheimer Brinkman extended Darcy
equationis with an inertial force term were used to
describe the fluid flow. Thermal resistances of
MCHS using nanofluids with various particle
volume fractions are compared

The temperature distributions of the channel wall is
practically not sensitive to the inertial effect, while
the fluid temperature distribution and the total
thermal resistance change significantly due to the
inertial force effect, thus; the thermal resistance is
overestimated as the inertial effect is neglected

Notes: CNT denotes the carbon nanotube, DIA denotes the diamond.
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Fig. 1. Schematics of MCHS and computational region.
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nanofluid thermophyical properties. The model assumes that the
system is steady; the flow is laminar; the effects of gravitational
force, radiation heat transfer, and contact resistance at the inter-
faces between solid wall and coolant are neglected. The model in-
cludes continuity, momentum and energy equations for fluid
region and energy equation for solid region. The main governing
equations and corresponding boundary conditions are listed in
Appendix A.

For all constraint conditions, the inlet velocity must be given to
numerically solve Eqs. (A1)–(A7). Under fixed pumping power con-
dition, the inlet velocity of the nanofluid, uin, is calculated as fol-
lows [5]:

uin ¼
4a

2lnfð4:70ð1þ aÞ2 þ 19:64ð1þ a2ÞÞ
X

NLx

 !0:5

ð1Þ

where X is the pumping power.
Under fixed inlet volume flow rate, the inlet velocity can be cal-

culated as follows:

uin ¼
Q V

NHchWch
ð2Þ

where QV is the inlet volume flow rate.
Under fixed pressure drop, the inlet velocity can be calculated

as follows:

uin ¼
D2ð1þ aÞ2Dp

2lnf Lxð4:70ð1þ aÞ2 þ 19:64ð1þ a2ÞÞ
ð3Þ

where D = 2HchWch/(Hch + Wch) = 2abLz/(N(1 + a)) is the hydraulic
diameter, Dp is the pressure drop.

The water-based Al2O3 nanofluid with 1% particle volume frac-
tion is used as the coolant of MCHS. The assumption of constant
thermophyiscal properties for nanofluids were adopted in the pre-
vious investigations [6,8–10,12,13], Li and Kleinstreuer [11] pro-
posed that the thermal conductivity and viscosity of nanofluids
have strong temperature-dependent characteristics and large tem-
perature difference may occurs in the MCHS, especially under high
heat removal conditions. Therefore, the temperature-dependent
properties are adopted in the present model.

The nanofluid density, qnf, and thermal capability, (qcp)nf, are
calculated using mixing theory [22]:

qnf ¼ uqp þ ð1�uÞqbf ð4Þ
ðqcpÞnf ¼ uðqcpÞp þ ð1�uÞðqcpÞÞbf ð5Þ

where qnf, qbf and qp are the densities of nanofluid, base liquid and
nanoparticle, respectively, u is the volume fraction of nanoparticle,
cp,nf, cp,bf and cp,p are the specific heats of nanofluid, base fluid and
nanoparticle, respectively. Different from previous investigations
[6,8–10,12,13], the present work correlates the density and specific
heat for base liquid (water) as polynomial functions of temperature
[23].

The experimental data for the thermal conductivity and viscos-
ity of u = 1% Al2O3 nanofluid are used to obtain temperature-
dependent correlations. The viscosity correlation is fitted using
experimental data by Nguyen et al. [24] and can be expressed as:

lnf ¼ c0 þ c1T þ c2T2 þ c3T3 ð6Þ

where lnf is the nanofluid viscosity, c0 = 187.1725 � 10�3,
c1 = �1.6551 � 10�3, c2 = 4.9134 � 10�6, c3 = �4.8839 � 10�9. Com-
parison of experimental viscosity data with Eq. (6) shows sufficient
agreement with maximum deviation of 3.8%. The thermal conduc-
tivity correlation is fitted using experimental data by Das et al.
[25] expressed as:

knf ¼ c0 þ c1T ð7Þ

where knf is the thermal conductivity of nanofluid, c0 = �0.3687 and
c1 = 3.3497 � 10�3 are fitted parameters, and T is absolute temper-
ature. Eq. (7) has good agreement with experimental data (maxi-
mum deviation of 0.7%).

For the nanofluid, effective thermal conductivity in a flowing
system is larger than that at stationary state due to the thermal
dispersion effect caused by random motion of nanoparticles.
Experimental thermal conductivity by Das et al. [25] was tested
at stationary state and hence Eq. (7) does not consider the thermal
dispersion contributed to the heat transfer. With this consider-
ation, Xuan and Roetzel [26] proposed a modified effective thermal
conductivity of nanofluid for forced convection heat transfer as
follows:

Knf;eff ¼ knf þ C�ðqcpÞnfuðHch=2Þum ð8Þ

where knf,eff is the effective thermal conductivity for the nanofluid
flow, um is the average velocity in the channel equal to the inlet
velocity uin, and C⁄ is an experimentally determined parameter.
We used nanofluid-cooled MCHS model (Eqs. (A1)–(A9)) with mod-
ified thermophysical properties Eqs. (4)–(8) to predict the MCHS



100 200 300 400 500 600 700 800 900 1000 1100
0.00

0.02

0.04

0.06

0.08

0.10

0.12

0.14

R T (K
 W

-1
)

Q (cm3 min-1)

C*=0.0
C*=0.06
C*=0.10
C*=0.20
C*=0.30

  Experimental data [15]

Fig. 2. Total thermal resistances for water-based Al2O3 nanofluid with 1% particle
volume fraction predicted by the present model with various C⁄.
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performance. Comparison of predicted and experimental thermal
resistances [15] for u = 1% Al2O3 nanofluid under the same MCHS
geometry and operation conditions indicates that C⁄ is dependent
on nanofluid volume flow rates (Fig. 2). The best fitted C⁄ are
applied: C⁄ = 0.30 for QV < 200 cm3 min�1; C⁄ = 0.20 for 200 cm3

min�1
6 QV < 300 cm3 min�1; C⁄ = 0.10 for 300 cm3 min�1

6

QV < 500 cm3 min�1; C⁄ = 0.06 for QV P 500 cm3 min�1. The curve
with C⁄ = 0 corresponds to no thermal dispersion effect, which
yields a much higher thermal resistance than experimental data.
Hence, thermal dispersion effect enhances heat transfer rate for
the present nanofluid force convection system.

3.2. Simplified conjugate-gradient method

The main equations of simplified conjugate-gradient method
are listed in Appendix B. The objective function to be optimized
can be expressed as follows:

J ¼ FðN;a; bÞ ð9Þ

where the parameters for optimization N, a, and b are referred to as
search variable. In the present study, the objective function, J, is de-
fined as the total thermal resistance expressed as:

RT ¼
Tmax � Tmin

qwA
¼ Tmax � T in

qwA
ð10Þ

where Tmax and Tmin are the maximum and minimum temperatures
observed in the heat sink. Tmin is equal to the inlet temperature of
the coolant, Tin. Therefore, an optimal set of geometric parameters
N, a, and b is searched for to reach the minimum of the objective
function.

In the simplified conjugate-gradient method [27], the values of
the step size bi are claimed to fix at a constant value without loss of
convergence. That is,

bi ¼ Ci i ¼ 1;2;3 ð11Þ

The magnitude of Ci can be different for each search variable in
accordance with its sensitivity to the objective function. Note that
the convergence speed of the iteration of the optimization process
may be slightly slowed down by a fixed step size; however, the
need to determine the one-dimensional search of step size for each
bi has been removed.

3.3. Optimization scheme

The initial guess for each search variable is made first, and in the
successive steps the conjugate-gradient coefficients and the search
directions are evaluated to estimate the new search variables. This
process is repeated to reach the minimum of the objective func-
tion. Specifically, the procedures are listed as follows:

(1) Make the initial guess for the search variables N, a, and b,
assign the values to the step sizes b1–b3.

(2) Create geometry and grids of MCHS model for the assigned
N, a, and b. Specify all boundary conditions, and then numer-
ically solve Eqs. (A1)–(A9).

(3) Calculate the objective function J(N,a,b) based on Eq. (10). If
the convergence criterion is satisfied, then terminate itera-
tion; otherwise, proceed to step (4).

(4) Calculate the sensitivity coefficients @J/@N, @J/@a, and @J/@b
of the objective function for each search variable based on
Eq. (A10).

(5) Calculate the conjugate-gradient coefficients cðkÞi for the each
search variable based on Eq. (A13). For the first step with
k = 1, cð1Þi ¼ 0 (i = 1, 2, 3).

(6) Calculate the search directions, nðkÞi , for the each search var-
iable based on Eq. (A12).

(7) Update new search variables based on Eq. (A11) and then
return to step (2).

In steps (2) and (4), the MCHS model, Eqs. (A1)–(A9), were con-
verted to the finite-difference form by the control volume method
and were solved iteratively with an iteration criterion for conver-
gence of 10�6. It is noticeable that the parameter N as a search var-
iable must be an integer in every search step. The nanofluid-cooled
MCHS model and simplified conjugate-gradient model are coupled
and solved using self-built Fortran program.
4. Individual parameter study

In the individual parameter study, the heat sink has Lx = 10 mm,
Lz = 10 mm, and Ly is allowed to exceed 1 mm to obtain a large a.
The thickness of the bottom wall, pumping power and qw are fixed
at 100 lm, 0.05 W, and 100 W cm�2, respectively. The water-based
Al2O3 nanofluid with 1% particle volume fraction is used as the
coolant of MCHS, and its inlet temperature is assumed to be
293 K. The constraint conditions are as follows: fixed inlet volume
flow rate QV = 200 cm3 min�1, fixed pumping power X = 0.05 W,
and fixed pressure drop Dp = 20 kPa, respectively.

For optimization with fixed pressure drop as the constraint con-
dition, the outlet pressure is assumed to be 1.01325 � 102 kPa, and
inlet pressure drop is assumed to be 1.01325 � 102 + 20 kPa, the
inlet flow velocity is unknown and is needed to solve. However,
in order to calculate the effective thermal conductivity of nanofluid
(Eq. (8)), the inlet flow velocity of nanofluid must be given before
numerical simulation. Therefore, Eq. (3) is adopted to calculate
the inlet flow velocity using known pressure drop. Fig. 6 compares
the difference of the inlet flow velocities between calculated by Eq.
(3) and predicted by numerical simulation by use of fixed pressure
inlet as boundary condition. It can be seen that both velocities
agree well for various nanofluid-cooled MCHS geometries during
whole optimization process.
4.1. Fixed inlet volume flow rate

Effects of the channel number, channel aspect ratio, and width
ratio of channel to pitch on the total thermal resistance of nano-
fluid-cooled MCHS when the volume flow rate was fixed at
QV = 200 cm3 min�1 are shown in Fig. 3.

Fig. 3a shows that under fixed QV, increasing the channel
number, N, reduces the total thermal resistance. This can be
explained as follows. The inlet flow velocity of nanofluid meets
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uin = QV/(abLzWch) = QV/(bLzHch), as N increases Wch and Hch

decrease under fixed a and b, which elevates uin and enhances
convective heat transfer of nanofluid, meanwhile, according to
Eq. (8) increase in N does not change the effective thermal conduc-
tivity of nanofluid, thus, higher N reduces the total thermal resis-
tance. It also can be seen from Fig. 3a that at the same channel
number, heat sink with a = 10, b = 0.6 has smaller thermal resis-
tance than with a = 10, b = 0.8, because small b increases the flow
velocity and convective heat transfer. At large N, the flow velocity
is enough high, hence the reduction rate in the thermal resistance
for a large N is less than that for a small N.

Fig. 3b shows that with N = 67 and b = 0.6, the thermal resis-
tance first decreases and then increases with an optimal value
a = 3.5. The same tendency occurs for N = 130 and b = 0.6, giving
the same optimal value a = 3.5. With fixed N and b, increasing a in-
creases channel height Hch = aWch = abLz/N, which reduces the in-
let flow velocity and increases the convective heat transfer area
A1 = 2N(Wch + Hch)Lx = 2(1 + a)bLzLx. Thus, the total convective heat
transfer between nanofluid and channel wall depends on competi-
tion of uin and A1, hence there is an optimal a.

Fig. 3c shows that the total thermal resistance increases monot-
onously with b. With fixed N and a, increasing b increases both the
channel width Wch = bLz/N and the channel height Hch = aWch, thus
reduces uin = QV/(abLzWch) and increases A1 = 2(1 + a)bLzLx. In addi-
tion, according to Eq. (8), knf,eff = knf + 0.5C⁄(qcp)uHchuin = knf + 0.5-
nf,eff = knf + 0.5C⁄(qcp)uHchuin = knf + 0.5C⁄(qcp)uQV/(bLz), increas-
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ing b also reduces the effective thermal conductivity of nanofluid.
Therefore, small b is better to enhance nanofluid-cooled MCHS
heat transfer.

4.2. Fixed pumping power

Fig. 4 shows the effect of channel number, channel aspect ratio,
and width ratio of channel to pitch on the total thermal resistance
when the pumping power was fixed at 0.05 W. As N increases, the to-
tal thermal resistance increases (Fig. 4a). The MCHS with a = 10,
b = 0.6 has lower thermal resistance than that with a = 10, b = 0.8
for N < 92, however, it has higher thermal resistance for N > 92. It
is can be seen from Eq. (1) that under fixed pumping power and with
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Fig. 5. Total thermal resistances for various MCHS geometries at fixed pressure
drop of 20 kPa: (a) channel number; (b) channel aspect ratio; and (c) width ratio of
channel to pitch.
fixed a and b, increasing N reduces the inlet flow velocity and hence
reduces the convective heat transfer. In addition, increasing N also
decreases Hch, which causes a reduction in the effective thermal con-
ductivity of nanofluid. Thus, large N significantly deteriorates the
cooling performance of nanofluid-cooled MCHS.

Fig. 4b shows that as a increases, the thermal resistance
decreases for heat sink with N = 130 and b = 0.6, however, the ther-
mal resistance first decreases and then increases with an optimal
value a = 10 for heat sink with N = 67 and b = 0.6. With fixed N
and b, increasing a reduces uin according to Eq. (1), however, it also
increases the convective heat transfer area A1 = 2(1 + a)bLzLx and
the effective thermal conductivity knf,eff = knf + 0.5C⁄(qcp)uHch-

nf,eff = knf + 0.5C⁄(qcp)uHchuin = knf + 0.5C⁄(qcp)uuinabLz/N, so that
there is an optimal value of a. Large N = 130 has small uin, which
causes that as a increases, the increase in A1 and knf,eff for
N = 130 is less than for N = 63. Therefore, the optimal value still
does not occur up to a = 24.5 for N = 130.

Fig. 4c shows that with fixed N and a, there is an optimal b. The
optimal value is b = 0.62 for N = 67 and a = 10, and b = 0.78 for
N = 130 and a = 10. With fixed N and a, increasing b does not
change uin according to Eq. (1), but increases the convective heat
transfer area A1 = 2(1 + a)bLzLx and the effective thermal conductiv-
ity of nanofluid knf,eff. Thus, larger b enhances convective heat
transfer of nanofluid. However, large b also reduces the rib width
Wr, which increases the conductive thermal resistance through
the solid silicon; hence too large b is not recommended.
4.3. Fixed pressure drop

Fig. 5 shows the effect of channel number, channel aspect ratio,
and width ratio of channel to pitch on the total thermal resistance
under the constant pressure drop Dp = 20 kPa as constraint condi-
tion. When the pressure drop is fixed at 20 kPa, with constant a
and b, increasing N reduces uin because uin is proportional to N�2

according to Eq. (3). Increasing N also reduces Hch and results in
a reduced knf,eff according to Eq. (8). Thus, large N decreases con-
vective heat transfer of nanofluid and hence reduces the total ther-
mal resistance (Fig. 5a).

Fig. 5b shows that increasing a decreases the total thermal
resistance under fixed N and b because increasing a increases both
uin and knf,eff. Since high N decreases convective heat transfer the
thermal resistance of heat sink with N = 67 and b = 0.6 is far less
than that with N = 130 and b = 0.6 so that it only slightly decreases
as a increases. Fig. 5c shows that as b increases, the thermal resis-
tance first decreases and then increases with an optimal value
b = 0.72 for N = 67 and a = 10, and an optimal value b = 0.84 for
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Fig. 6. Validation of inlet flow velocity for fixed pressure drop.
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N = 130 and a = 10. The optimal value of b can be explained by the
fact that increasing b not only increases uin and knf,eff but also in-
creases the conductive thermal resistance and the optimal value
of b is determined by competition between these two opposite
effect.

5. Optimization at various constraint conditions

Water-based Al2O3 nanofluid with 1% particle volume fraction is
assumed to be the coolant of the MCHS. The MCHS has Lx = 10 mm,
Ly < 1 mm, Lz = 10 mm, and d = 0.1 mm. The coolant inlet
temperature and heat flux are Tin = 293 K, qw = 100 W cm�2. The
constraint conditions are as follows: fixed inlet volume flow rate
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Fig. 7. Variation of total thermal resistance during optimization for various initial
guesses: (a) at fixed volume flow rate; (b) at fixed pumping power; and (c) at fixed
pressure drop.
QV = 200 cm3 min�1, fixed pumping power X = 0.05 W, and fixed
pressure drop Dp = 20 kPa, respectively.

Generally, the conjugate-gradient-method can search only the
local maximum or minimum for objective function J. In order to
obtain or at least approach the global optimal design, the same
three sets of initial guesses are used for various constraint condi-
tions as follows, initial guess #1: N = 125, a = 12.5, and b = 0.4; ini-
Fig. 8. Temperature distributions in solid and fluid regions along x–y middle cross-
section at various search steps for fixed inlet flow volume rate: (a) step 1 (initial
guess #3); (b) step 10; (c) step 100; (d) optimal design.
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thermal resistance; (b) geometric parameters.
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tial guess #2: N = 56, a = 4.8, and b = 0.4; and initial guess #3:
N = 63, a = 3.9, and b = 0.8. Fig. 7 shows changes in total thermal
resistance, RT, at each search step for various constraint conditions.
The same optimal design is achieved using these initial guesses,
which indicates that the obtained optimal design is at least local
minimum solution for objective function J. The optimal design
has N = 134, a = 6.39, and b = 0.37 with thermal resistance of
0.0876 K W�1 for fixed volume flow rate of 200 cm3 min�1

(Fig. 7a), N = 51, a = 5.69, and b = 0.62 with corresponding thermal
resistance of 0.1059 K W�1 for fixed pumping power of 0.05 W
(Fig. 7b), N = 37, a = 4.38, and b = 0.59 with thermal resistance of
0.0760 K W�1 for fixed pressure drop of 20 kPa (Fig. 7c).

The temperature distributions in the heat sink at various search
steps for the fixed inlet volume flow rate are shown in Fig. 8. For
step 1 (initial guess #3) with N = 63, a = 3.9, and b = 0.8, the max-
imum temperature difference in solid and fluid regions is 14.55 K,
and it is reduced to 12.11 K for step 10, to 9.42 K for step 100, and
to 8.79 K for optimal design. The variation of temperature distribu-
tions during optimization for the fixed pumping power and the
fixed pressure drop have also similar tendency. The optimal design
has larger N = 134 as well as smaller b = 0.37 for fixed inlet volume
flow rate, which is in accord with the individual parameter analysis
because larger N and smaller b increase the inlet flow velocity and
the effective thermal conductivity of nanofluid, and hence en-
hances convective heat transfer of nanofluid. Different from fixed
inlet flow rate, under fixed pumping power and under fixed pres-
sure drop the optimal design has smaller N and larger b, which
confirms that selecting the optimal heat sink structure must con-
sider its operation condition.
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Fig. 10. The effect of pumping power on optimal performance of MCHS: (a) thermal
resistance; and (b) geometric parameters.
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Fig. 11. The effect of pressure drop on optimal performance of MCHS: (a) thermal
resistance; and (b) geometric parameters.
The above optimization is complemented at a specific inlet vol-
ume flow rate of 200 cm3 min�1, pumping power of 0.05 W, and
pressure drop of 20 kPa, respectively. The optimal geometric struc-
ture and corresponding thermal resistance for various volume flow
rates, pumping powers, and pressure drops are also calculated
using present inverse problem method and are shown in Figs. 9–
11. The inlet volume flow rate ranges from 200 cm3 min�1 to
800 cm3 min�1, with pumping power from 0.01 W to 0.5 W, and
pressure drop from 5 kPa to 50 kPa. As the inlet volume flow rate,
pumping power, and pressure drop are increased, the thermal
resistance is reduced indicating the cooling performance of MCHS
is elevated; however, its effectiveness weakens at high flow rate,
pumping power, and pressure drop. The optimal range of values
for N is 116–134, for a is 6.38–9.16, and for b is 0.30–0.39 under
fixed inlet volume flow rates of 200–800 cm3 min�1 (Fig. 9b). How-
ever, the optimal range of values for N is 39–61, for a is 3.99–6.47,
and for b is 0.59–0.68 under fixed pumping power of 0.01–0.5 W
(Fig. 10b), for N is 31–38, for a is 3.29–4.38, and for b is 0.56–
0.66 under fixed pressure drop of 5–50 kPa. It is again confirms lar-
ger N and smaller b should be adopted when nanofluid-cooled
MCHS operates under fixed inlet volume flow rate, however, smal-
ler N and larger b should be adopted when nanofluid-cooled MCHS
operates under fixed pumping power or under fixed pressure drop.
6. Conclusions

This work adopted a combined optimization procedure, includ-
ing a simplified conjugate-gradient method and a completely
three-dimensional nanofluid-cooled MCHS model, to look for opti-
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mal geometric structure for a silicon-based MCHS. Three parame-
ters, channel number N, channel aspect ratio a, and width ratio
of channel to pitch b, server as search variables and are optimized
simultaneously under fixed inlet volume flow rate, fixed pumping
power, and fixed pressure drop, respectively, with the total ther-
mal resistance RT as objective function. Water-based Al2O3 nano-
fluid with 1% particle volume fraction is assumed to be the
coolant of the MCHS. The MCHS has Lx = 10 mm, Ly < 1 mm,
Lz = 10 mm, and d = 0.1 mm. The coolant inlet temperature and
heat flux are Tin = 293 K, qw = 100 W cm�2.

The optimal geometric structure is closely dependent on the
constraint condition. The optimal design has N = 134, a = 6.39,
and b = 0.37 with thermal resistance of 0.0876 K W�1 for fixed vol-
ume flow rate of 200 cm3 min�1, N = 51, a = 5.69, and b = 0.62 with
corresponding thermal resistance of 0.1059 K W�1 for fixed pump-
ing power of 0.05 W, N = 37, a = 4.38, and b = 0.59 with thermal
resistance of 0.0760 K W�1 for fixed pressure drop of 20 kPa.

The optimal geometric structure is different under various inlet
volume flow rates, various pumping powers, and various pressure
drops. Larger N and smaller b should be adopted when nanofluid-
cooled MCHS operates under fixed inlet volume flow rate, however,
smaller N and larger b should be adopted when nanofluid-cooled
MCHS operates under fixed pumping power or under fixed pres-
sure drop. The improvement in cooling performance of nano-
fluid-cooled MCHS is attributed that optimal geometric structure
increases inlet flow velocity and effective thermal conductivity of
nanofluid, which enhances convective heat transfer between nano-
fluid and channel wall.
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Appendix A

Continuity equation for the nanofluid:

r � V
!¼ 0 ðA1Þ

Momentum equation for the nanofluid:

qnf ðV
!�rÞV!¼ �rpþ lnfr2 V

! ðA2Þ

Energy equation for the nanofluid:

qnf cp;nfðV
!�rÞTnf ¼ knf ;effr2Tnf þ lnf

@Vi

@xj
þ @Vj

@xi

� �
@Vi

@xj
ðA3Þ

Energy equation for solid region:

ksr2Ts ¼ 0 ðA4Þ

The boundary conditions are as follows:

V ¼ uin; T ¼ T in at x ¼ 0 ðA5Þ

V
!¼ 0; Ts ¼ Tnf ; ksrTs

¼ knf ;effrTnf at the channel wall-fluid interfaces ðA6Þ

qw ¼ �ks
@Ts

@y
at the bottom wall of heat sink ðA7Þ
rTs ¼ 0 at other outside walls of heat sink ðA8Þ

p ¼ pout at x ¼ Lx ðA9Þ
Appendix B

For the sake of convenience, we use X1 � X3 to denote N, a, and
b, respectively, in what follows. The conjugate-gradient method
evaluates the gradients of the objective function and sets up a con-
jugate direction for the updated search variables with the help of a
sensitivity analysis. The negative gradient direction of objective
function is specified as the first search direction in conjugate gra-
dient method, that is:

�rJ ¼ � @F
@X1

;� @F
@X2

;� @F
@X3

� �
ðA10Þ

where oF/oXi is referred to as the sensitivity coefficient. The sensi-
tivity coefficient is calculated by introducing a small perturbation
(DXi) to the search variable, Xi. The new search variable, Xi, is up-
dated by:

Xðkþ1Þ
i ¼ XðkÞi þ bðkÞi nðkþ1Þ

i i ¼ 1;2;3 ðA11Þ

where XðkÞi and Xðkþ1Þ
i denote values of Xi, in the kth and the (k + 1)th

search steps, respectively; bðkÞi denotes the search step size of Xi in
the kth search step; nðkþ1Þ

i denotes the search direction of Xi, which
can be expressed as a linear combination of the previous search
direction, nðkÞi and the negative gradient direction of new objective
function, –(oF/oXi)(k+1), that is,

nðkþ1Þ
i ¼ � @Fðkþ1Þ

@Xi
þ cðkþ1Þ

i nðkÞi i ¼ 1;2;3 ðA12Þ

where cðkþ1Þ
i is referred to as the conjugate gradient coefficient,

which must guarantee that nðkÞi is conjugated to �(oF/oXi)(k+1) and
expressed as:

cðkþ1Þ
i ¼ @F

@Xi

ðkþ1Þ
 ,

@F
@Xi

ðkÞ
!2

i ¼ 1;2;3 ðA13Þ

In basic conjugate-gradient method [25], the optimal search step
size, bðkÞi (i = 1, 2, 3) needs to be determined. After the kth search,
the objective function becomes:

JðkÞ ¼ F XðkÞ1 ;XðkÞ2 ;XðkÞ3

� �
¼ F Xðk�1Þ

1 þ bðk�1Þ
1 nðkÞ1 ;Xðk�1Þ

2 þ bðk�1Þ
2 nðkÞ2 ;Xðk�1Þ

3 þ bðk�1Þ
3 nðkÞ3

� �
ðA14Þ

The value of bðkÞi can be acquired by implementing a one-dimen-
sional search with respect to bðk�1Þ

i along the negative gradient
direction of the objective function under the condition that other
bðk�1Þ

j (j – i) remain unchanged.
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