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Due to its distinctive characteristics nanofluid has drawn much attention from academic communities since the
last decade. Comparedwith conventionalfluids, nanofluidhas higher thermal conductivity and surface to volume
ratio, which enables it to be an effectiveworkingfluid in terms of heat transfer enhancement. Recent experimen-
tal works have shown that with low nanoparticle concentrations (1–5 vol.%), the effective thermal conductivity
of the suspensions can increase bymore than 20% for various mixtures. Although many outstanding experimen-
tal works have been carried out, the fundamental understanding of nanofluid characteristics and performance is
still not sufficient. Muchmore theoretical and numerical studies are required. Over the past two decades, the lat-
tice Boltzmann method (LBM) has experienced a rapid development and well accepted as a useful method to
simulate various fluid behaviours. In the present study, the LBM is employed to investigate the characteristics
of nanofluid flow and heat transfer. By coupling the density and temperature distribution functions, the hydro-
dynamics and thermal features of nanofluids are properly simulated. The effects of the parameters including
Rayleigh number and volume fraction of nanoparticles on hydrodynamic and thermal performances are investi-
gated. The results show that both Rayleigh number and solid volume fraction of nanoparticles have influences on
heat transfer enhancement of nanofluids; and there is a critical value of Rayleigh number on the performance of
heat transfer enhancement.

© 2014 Elsevier Ltd. All rights reserved.
1. Introduction

The commonly used fluids in engineering, such as water and oil,
have a primary limitation in enhancing the performance of heat transfer
due to their low thermal conductivities. Nanofluids, using nanoparticles
dispersed in a base fluid, have been proposed recently to overcome this
drawback. Nanofluids have distinguished thermal features such as high
surface to volume ratio, resulting in their perfect thermal performance.
Thus, nanofluids are considered as an effective approach to meet some
challenges associated with the conventional microfluids.

Many researchers have experimentally studied flow and thermal
characteristics of nanofluids in recent years. Teng et al. [1] examined
the influence of weigh fraction, temperature, and particle size on the
thermal conductivity of Al2O3/water nanofluids. Experimental works
[2] reported that with low nanoparticle concentration (1–5 vol.%), the
effective thermal conductivity of the suspensions can increase by
more than 20% for various mixtures. Oztop et al. [3] studied the effect
of the position and the aspect ratio of a thin heated plate on free convec-
tion in a cavity to find that Nu increases with Ra and concluded that the
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enhancement ismore pronounced for the vertical plate. Nguyen et al. [4]
studied the viscosity of Al2O3/water nanofluid and found that for higher
particle fractions, viscosities of 47 nm particle-size are clearly higher
than those of 36 nm. Much more specific works on nanofluids can be
seen in the recent review papers [5,6].

Meanwhile, nanofluids are also theoretically and numerically inves-
tigated bymany researchers. Khanafer et al. [7] numerically investigated
buoyancy-driven heat transfer enhancement in a 2D enclosure utilizing
nanofluids by using finite-volume approach. Their results showed that
the heat transfer rate of the nanofluid increases with the volume frac-
tion of the nanoparticle. Raisi et al. [8] numerically studied the thermal
performance of a micro-channel cooled by Cu/water nanofluids and it
was indicated that the heat transfer rate is significantly affected by the
solid volume fraction and slip velocity coefficient at high Reynolds num-
bers. Heris et al. [9] used a dispersion model to investigate laminar flow
convective heat transfer of nanofluid in a circular tube. Their results
clearly showed that the addition of nanoparticles to the base liquid
produces considerable enhancement of heat transfer. The lattice
Boltzmann method (LBM), which is obtaining more attention and
popularity [10–12], is applied in many areas of computational fluid dy-
namics, including multiphase flows [13,14], electro-osmotic flows [15,
16], and heat transfer characteristics [17–19]. Based on a meso-scope
model, LBM has many advantages over conventional CFD approaches
[20–22]. Generally speaking, LBM is much easier to implement, more
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Nomenclature

c lattice speed
ci discrete particle speeds
cs speed of sound
cp specific heat capacity
fi density distribution function
f eq equilibrium distribution function of fi
Fi forcing term
g gravitational acceleration
gi energy distribution function
k effective thermal conductivity
L enclosure length
Ma Mach number
Nu Nusselt number
Pr Prandtl number
Ra Rayleigh number
T temperature
wi weighting factor

Greek symbols
τ relaxation time
ρ density
φ nanoparticle volume fraction, dimensionless
μ dynamic viscosity
ν kinetic viscosity
α thermal diffusivity
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computationally efficient and more capable to deal with complex
boundary conditions and interactions between different phases. LBM
has been widely chosen to simulate phenomena of nanofluid heat
transfer. Xuan and Yao [19] proposed a lattice Boltzmann model to
simulate flow and energy transport processes inside the nanofluids by
accounting for the external and internal forces. Yang and Lai [23]
studied forced convection Al2O3/water flow in a microchannel using
the lattice Boltzmann method. Their results indicated that the average
Nusselt number increases with Reynolds number and particle volume
concentration. He et al. [18] developed a lattice Boltzmann model to
simulate the convection heat transfer utilizing Al2O3/water nanofluids
in a square cavity. Their work indicated that the flow and heat transfer
characteristics of Al2O3/water nanofluid in the square cavity are more
sensitive to viscosity than to thermal conductivity. Other numerical
schemes were also employed to investigate nanofluids. Finite volume
method was adopted by Abu-Nada et al. [24] to study the nanoparticle
influences on heat transfer enhancement in horizontal annuli. A finite
difference approach was applied by Jou and Tzeng [25] to simulate nat-
ural convection in a rectangular cavity with different aspect ratios.
Though some numerical studies have been done over the past few
years, there is still a lack of fundamental understanding of the effect of
thermo-physical parameters on the heat transfer performance. In the
present study, a lattice Boltzmann model coupling the density and the
temperature distribution functions is proposed to simulate heat transfer
utilizing nanofluids in a square cavity. The effects of several thermo-
physical parameters including Rayleigh number and nanoparticle
volume fraction on heat transfer performance are investigated.

2. Mathematical formulation

2.1. Lattice Boltzmann method

The lattice Boltzmann method is employed in this work along with
the application of the standard D2Q9 for both velocity and temperature
field. The details about the lattice Boltzmannmethod have already been
given in many references [12,26,27] only a brief induction will be given
in the present paper. The lattice Boltzmann method is carried out
through two basic steps including the collision step and the streaming
step, which can be written by the following form:

f i xþ ciΔt; t þ Δtð Þ ¼ f i x; tð Þ−1
τ

f i x; tð Þ− f eqi x; tð Þ� �þ Δt Fi ð1Þ

where τ is the dimensional relaxation time, fi(x, t) is the density distri-
bution function for the particle moving with velocity ci at position x
and time t, and fi

eq(x, t) is the local equilibrium distribution function. Fi
is the external force term in the direction of lattice velocity. For the
typical two-dimensional nine-speed (D2Q9) lattice scheme considered
in the present work, the local equilibrium distribution function is
defined as:

f eqð Þ
i ¼ ρwi 1þ ci � u

c2s
þ ci � uð Þ2

2c4s
−u � u

2c2s

" #
ð2Þ

wherewi is theweighting factor, given as 4/9 for i=0, 1/9 for i=1, 2, 3,
4, and 1/36 for i = 5, 6, 7, 8. cs is the sound speed. ci is the discrete
velocities, and defined as:

ci ¼
0;0ð Þ; i ¼ 0
c cosθi; sinθið Þ; θi ¼ i−1ð Þπ=2; i ¼ 1;2;3;4ð Þffiffiffi
2

p
c cosθi; sinθið Þ; θi ¼ i−5ð Þπ=2þ π=4; i ¼ 5;6;7;8ð Þ

8<
: ð3Þ

where c=Δx/Δt is the particle streaming speed.Δx andΔt are the lattice
spacing and time step. The relation between cs and c can be expressed as
cs ¼ c=

ffiffiffi
3

p
. The macroscopic variables such as the mass density, the

momentum density and the pressure are defined by sums over the
distribution functions:

ρ ¼
X
i

f i;ρu ¼
X
i

f ici; p ¼ c2

3
ρ ð4Þ

The kinematic viscosity is determined by:

ν ¼ τ−1=2ð Þc2sΔt ð5Þ

For the scalar function (temperature in this study), another distribu-
tion is defined as:

gi xþ ciΔt; t þ Δtð Þ ¼ gi x; tð Þ−1
τ

gi x; tð Þ−geqi x; tð Þ� � ð6Þ

The equilibrium distribution function can be written as:

g eqð Þ
i ¼ wiT 1þ ci � u

c2s

� �
ð7Þ

The macroscopic temperature is calculated as follow:

T ¼
X
i

gi ð8Þ

The thermal diffusivity is related to the relaxation time by:

α ¼ τc−1=2ð Þc2sΔt ð9Þ

For natural convection, the important dimensionless parameters
Prandtl number Pr and Rayleigh number Ra are defined as:

Pr ¼ ν=χ ð10Þ

Ra ¼ gβΔTL3 Pr=ν2 ð11Þ



Table 1
Thermo-physical properties of different phases of Al2O3/water nanofluids.

Properties Base fluid (water) Nanoparticles (Al2O3)

ρ (kg/m3) 997.1 3970
cp (J/kg K) 4179 765
μ (kg/m s) 0.001004 /
β × 105 (1/K) 21 0.85
k(W/m K) 0.613 25

Grid number-X

N
u

av
g

50 100 150 200
1

2

3

4

5

6

7

8

9

10

Ra=1E4
Ra=1E5
Ra=1E6

Fig. 2. Grid independent test: Nuavg versus grid number (4% Al2O3/water nanofluid).
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where ΔT is the temperature difference between the high temperature
wall and low temperature wall. L is the characteristic length of the
square cavity.

Another dimensionless parameter Mach number Ma is defined as:

Ma ¼ uc=cs ð12Þ

where uc ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
gβΔTL

p
is the characteristic velocity of natural convection.

Considering that LBE applies in incompressible limit, Mach number
should be less than 0.3. In the present study, Mach number was fixed at
Ma= 0.1.

In the simulation the Boussinessq approximation is applied to the
buoyancy force term. In that case, the buoyancy force term is added as
an extra source term to Eq. (1) by:

Fi ¼ 3wigβΔT ð13Þ

In the lattice Boltzmann model, real quantities such as space and
time need to be converted to lattice units prior to simulation. By intro-
ducing characteristic scales, the dimensionless process can be accom-
plished. To make sure that the simulation case represents the relevant
practical phenomenon, non-dimensional quantities such as Reynolds
number remain the same in the dimensionless process.

2.2. Lattice Boltzmann model for nanofluid

In this paper, the nanofluid is assumed similar to a single phase fluid.
Hence, the equations of physical parameters of the nanofluid are as
follows:

Density equation:

ρnf ¼ 1−ϕð Þρ f þ ϕρp ð14Þ

where ρnf is the density of nanofluid,ρf is the density of base fluid and ρp
is the density of nanoparticle. ϕ is the volume fraction of nanoparticles.
Fig. 1. Schematic domain of the physical model.
Heat capacity equation is expressed by:

ρcp
� �

nf
¼ 1−ϕð Þ ρcp

� �
f
þ ϕ ρcp

� �
p
; ð15Þ

and the dynamic viscosity equation is given by:

μnf ¼ μ f = 1−ϕð Þ2:5: ð16Þ

The thermal expansion coefficient of the nanofluid can be calculated
by:

ρβð Þnf ¼ 1−ϕð Þ ρβð Þ f þ ϕ ρβð Þp ð17Þ

The effective thermal conductivity of the nanofluid can be deter-
mined by the Maxwell–Garnetts (MG) model by:

knf
k f

¼
kp þ 2kf−2ϕ kf−kp

� �
kp þ 2kf þ ϕ kf−kp

� � ð18Þ
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Fig. 3. Comparison with other simulation and experimental results (Ra = 1.89 × 105,
Pr = 0.71).
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Fig. 4. Comparisons of isotherms and streamlines for 4% Al2O3/water nanofluid of Ra= 1 × 103–106 (top to bottom).
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The local Nusselt number and the average value at the hot and cold
walls are calculated as:

Nuy ¼ − H
ΔT

∂T
∂x ð19Þ

Nuavg ¼ 1
H

ZH
0

Nuydy ð20Þ

whereH is the height of the square,ΔT is the temperature difference be-
tween the hot and cold walls. For convenience, a normalized average
Nusselt number is defined as the ratio of Nusselt number at any volume
fractions of nanoparticles to that of pure water, which is as follows:

Nu�
avg φð Þ ¼ Nuavg φð Þ=Nuavg φ ¼ 0ð Þ ð21Þ

2.3. Boundary treatments

The implementation of boundary conditions is very important for
LBM simulations. The unknown distribution functions pointing to the
fluid zone at the boundary nodesmust be specified after every iteration
a) Al2O3/water nanofluid,    = 0.04 

b) pure fluid (water)

ϕ

Fig. 5. Comparisons of isotherms and streamlines for 4%
step. Concerning the no-slip boundary condition, the bounce back
boundary condition is employed on the solid boundaries.

The top and bottom of the boundaries are adiabatic so the bounce
back boundary condition is employed. Temperatures at the left and
right walls are known. Since we are using D2Q9, for the left wall, the
unknown distribution functions are evaluated as:

g1 ¼ TH w 1ð Þ þw 3ð Þð Þ−g3
g5 ¼ TH w 5ð Þ þw 7ð Þð Þ−g7
g8 ¼ TH w 8ð Þ þw 6ð Þð Þ−g6

The unknown distribution functions can be obtained in the similar
way at the right wall.

3. Results and discussion

The problem considered in this study is a natural convection in a two
dimensional square cavity with sidewalls maintained at different
temperatures and driven by the buoyancy force. The thermo-physical
properties of water and Al2O3 nanoparticle are given in Table 1. The
properties of Al2O3/water nanofluids are obtained by the equations
given in the previous section. The square cavity used in this study is
shown in Fig. 1. The height and the width of the enclosure are given
by L. The temperatures of the two sidewalls of the cavity aremaintained
Al2O3/water nanofluid and pure fluid, Ra= 1 × 105.

image of Fig.�5
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Fig. 7. Comparison of the temperature (a) and velocity profiles (b) between 4% Al2O3/
water nanofluid (—) and pure fluid (---) at the mid plane.

Fig. 6. Comparison of isotherms between base fluid and Al2O3/water nanofluid at
Ra = 1 × 105.
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at TH and TL, where TH N TL. The boundary conditions of the top and
bottom walls are adiabatic. The boundary conditions of the four walls
are given as:

u ¼ v ¼ 0; T ¼ TH for x ¼ 0;
u ¼ v ¼ 0; T ¼ TL for x ¼ L;
u ¼ v ¼ 0; ∂T=∂y ¼ 0 for y ¼ 0;
u ¼ v ¼ 0; ∂T=∂y ¼ 0 for y ¼ L:

To ensure that the solution is grid independent, an extensive
mesh testing procedure was conducted. Calculations of different mesh
cases were carried out for 4% Al2O3/water nanofluid of Ra = 1 × 104,
1 × 105 and 1 × 106, respectively. The average Nusselt numbers
were calculated and the grid independence is ensured; see Fig. 2. It
should be noted that the viscosity can be obtained by Eqs. (11) and
(12) by fixing Rayleigh number, Prandtl number and Mach number. It
can be seen that the lattice number has a positive impact to the viscosity
in the lattice Boltzmann model. To keep the relaxation times in a
suitable range for both flow dynamics and thermal evolution in the
lattice Boltzmann model, the lattice number is particularly considered
and different meshes for different cases are also considered. In the
present study, 100 × 100 lattices are chosen for Rayleigh number less
than 1 × 105 and 150 × 150 lattices for the other cases.

To further validate the proposed lattice Boltzmannmodel for incom-
pressible fluid, the simulation results were compared not only with the
experimental results of Krane and Jessee [28] but also with the numer-
ical work by Khalil Khanafer et al. [29] for natural convection in an
enclosure filled with air. Fig. 3 shows that the comparisons are in excel-
lent agreement.

After validating the code, the effect of nanoparticles suspended in
water is studied. The square enclosure is filled with Al2O3/water
nanofluid. The geometric dimension of the enclosure in this study is
10 mm × 10 mm. The volume fraction of 47 nm Al2O3 nanoparticles is
0 to 5%. The hot wall temperature has been considered as 303 K while
the cold wall is 293 K. It should be mentioned that in the lattice
Boltzmann model all physical quantities have been dimensionless and
rescaled. As long as the characteristic dimensionless numbers are kept
constant in the dimensionless conversion, the physical phenomena
can be represented by the simulation results.

To investigate the effect of nanoparticle on heat transfer enhance-
ment, a series of simulation cases were carried out with Rayleigh num-
ber ranging from 1 × 103 to 106 and solid volume fraction 0 to 5%. The
streamlines and isotherms of 4% Al2O3/water nanofluid with Rayleigh
ranging from 1 × 103 to 106 have been presented in Fig. 4. The figures
show that at low Rayleigh number 1 × 103, the central vortex appears
as a dominant characteristic of the fluid flow. With the increase of
Rayleigh number, the central vortex tends to become elliptic and even-
tually breaks up into two vortices at Ra= 1 × 105. The thickness of the
thermal boundary layer near thewall also decreaseswith the increase of
Rayleigh number. This is due to the increase in buoyancy as the viscosity
and density remain the same for a particular volume fraction. The effect
of nanoparticle on streamlines and isotherms is also investigated by
fixing the Rayleigh number.

Fig. 5 shows the comparisons of isotherms and streamlines for 4%
Al2O3/water nanofluid and pure water at Ra= 1 × 105. In the presence
of nanoparticles, the central vortices occupy a larger zone compared
with the pure fluid due to the increase of energy transport through
the fluid associated with the irregular motion of nanoparticles.

The impact of solid volume fraction on isotherms is shown in Fig. 6. It
can be seen from the figure that with the increase in volume fraction,
the isotherms become closer to the vertical wall. The thermal layer be-
comes thinner compared with the pure fluid. It is observed that the in-
crease of solid concentration leads to the enhancement of heat transfer,
and such enhancement is due to the increase of the effective thermal
conductivity with the increase of solid volume fractions of nanoparti-
cles. However, the effect of heat transfer enhancement decreases with
the increase in Rayleigh number, and therefore the solid concentration
has a little effect on the thermal distribution. This will be shown in the
following discussion.

Fig. 7 displays the effect of solid volume fraction on the temperature
and vertical component of velocity distribution along the horizontal
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axis. An increase of temperature gradient in nanofluid is observed com-
pared with pure water for Ra = 1 × 104 and 105. This leads to a larger
local Nusselt number and therefore enhances the heat transfer perfor-
mance. In addition, the velocity of nanofluid is found larger than that
of pure water for the chosen Rayleigh numbers which may cause a
stronger convection and consequently result in a largerNusselt number.

The effect of solid volume fractions on averageNusselt number along
the heated wall at various Rayleigh numbers is illustrated in Fig. 8(a). It
is found that the average Nusselt numbers increase with solid volume
fractions. This is because the added nanoparticles augment the effective
thermal conductivity and hence heat transfer. Fig. 8(b) shows the effect
of volume fractions on the normalized average Nusselt number. It can
be seen that for a fixed Rayleigh number, solid volume fractions can
affect the enhancement of heat transfer. However the effect decreases
with the increase of Rayleigh number. By adding 5% Al2O3 nanoparticles
by volume, the normalized Nusselt number increases about 3.8% at
Ra=1× 104, a slight decline to 3.5% at Ra=1×105, but decreases sig-
nificantly to 1.6% when Rayleigh number increases to 1 × 106. This
means that there is a critical value of Rayleigh number of Al2O3/water
nanofluid for the performance of heat transfer enhancement in terms
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Fig. 8. Average Nusselt numbers (a) and normalized Nusselt numbers (b) with different
Rayleigh numbers.
of the normalized average Nusselt number. Similar conclusion was ob-
tained in [30]. Fig. 9 shows comparisons between the pure fluid and
nanofluid of the local Nusselt number distribution along the heated
wall. It can be seen that the increase of volume fractions increases the
local Nusselt number along the heated wall. The influence is more
evident at the bottom of the hot wall.

4. Conclusions

In the present study, a lattice Boltzmannmodel coupling the density
and temperature distribution functions is employed to investigate the
flow and heat transfer characteristics of Al2O3/water nanofluids. The ef-
fects of different Rayleigh numbers (1 × 103–106) and solid volume
fractions (0–5%) on the heat transfer performance of nanofluid are ex-
amined and discussed. The conclusions can be summarized as follows:

(1) The addition of nanoparticles into pure water has effects on both
hydrodynamic and thermal performances compared with pure
water.

(2) At afixedRayleigh number, the velocity of nanofluid in the enclo-
sure is larger than that of pure water which causes a stronger
convection and hence heat transfer enhancement.
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(3) The average Nusselt number and normalized average Nusselt
number increase with the solid volume fractions because the
added nanoparticles augment the effective thermal conductivity
and hence heat transfer.

(4) There is a critical Rayleigh number for the performance of heat
transfer enhancement of applying nanofluids; beyond the critical
value, the enhancement effect will become smaller.
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